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Abstract 

We consider a complete discrete valuation field of characteristic p, with possibly non 
perfect residue field. Let V be a rank one continuous representation of its absolute Galois 
group with finite local monodromy. We will prove that the arithmetic Swan conductor 
of V (defined after K.Kato in |Kat89] which fits in the more general theory of [AS02] 
and |AS06] ) coincides with the differential Swan conductor of the associated differential 
module D^^(V) defined by K.Kedlaya in |Ked07j . This construction is a generalization to 
the non perfect residue case of the Fontaine's formalism as presented in |Tsu98a| . Our 
method of proof will allow us to give a new interpretation of the refined Swan conductor. 
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Introduction 

Let E be a complete discrete valuation field of characteristic p, and let Ge be its absolute Galois 
group. It has been known now for some time (cf. |Fon90j . |Kat730 that, if the residue field k 
is perfect, then one has an equivalence between the category of continuous p-adic representation 
of Ge with coefficients in a finite extension K of Qp, and the category of unit-root (/9-modules 
over a Cohen ring £l of E. If k were perfect, then the introduction of a finiteness hypothesis 
(finite local monodromy) on the representation has allowed R.Crew, S.Matsuda and N.Tsuzuki 
to associate a ((/?, V)-module (with one derivative) not only on the "arithmetic ring" £l, but in 
some more geometric ring Sj^, which we could indicated as "i/ie bounded Robba ring" (cf. |Tsu98aj . 
|Tsu98b] . |Mat95j . |Mat97j . |(^re98j ...). Here "geometric" means that the elements of this ring 
can be understood as analytic functions converging in some annulus. S.Matsuda and N.Tsuzuki 
actually provide a more general framework: they allow the field of constants L to be a certain 
totally ramified extension of the field of fractions of W(A;). In this context we would find ourselves 
with two theories of ramification between two parallel worlds. In the arithmetic setting we have the 
classical ramification theory as presented in [Ser62] and |Kat88] . In particular, we have the notion 
of arithmetic Swan conductor of a representation V with finite local monodromy. In the differential 
framework, G.Christol, Z.Mebkhout, and P.Robba obtained a theory olp-adic slopes of a solvable 
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V-module M (cf. |Rob85| . |CR94j . [CMOOj . [CMOlj . for example). In particular we have the notion 
of p-adic Irregularity of the V-module underling the (93, V)-module D^(V) associated to V. The 
works of R.Crew, S.Matsuda and N.Tsuzuki have shown that the arithmetic Swan conductor of V 
coincides with the p-adic irregularity of D^(V) (cf. [CreOOj . |Tsu98b| . |Mat95j ). 

If, now, we allow k be non-perfect, then K.Kedlaya has recently shown that the category of p-adic 
representations of Ge with finite local monodromy is again equivalent to a category of unit-root 

V)-modules over £"1^ in a slightly generalized sense with respect to the work of S.Matsuda and 
N.Tsuzuki (cf. [KedOTj ) . In this new context we can no longer expect to have a single derivative, 
indeed since the residual field k is not necessarily perfect, the number of indipendent derivatives will 
depend on the cardinality of a p-basis of the residue field. In fact K.Kedlaya is able to associate to 
a representation V, with finite local monodromy, a (93, V)-module, denoted again by D^^(V), where 
now V : Dt(V) -^'D^Y)0nl. , is an integrable connection. If we fix a uniformizer parameter t of 

E and an isomorphism E — > k{{t)), then ^^t^^ ^ finite free module over generated by d/dT, 
d/dui, . . . , d/dur, where T is a lifting of t, and ui, . . . ,Ur are lifting of a p-basis of the residual field 
k. If k is perfect, then ^^^t^^ ~ ^f^^ obtain exactly the theory as presented by S.Matsuda 

and N.Tsuzuki. From this K.Kedlaya obtains a generalized definition of irregularity involving all 
the derivations. We will call it differential Swan conductor of D^(V). This new notion of irregularity 
should be seen as a re-interpretation of the (now) classical definition of irregularity by means of 
slopes of the radius of solutions given by P.Robba, G.Christol, and Z.Mebkhout. Unfortunately 
K.Kedlaya does not have any interpretation of this new irregularity in term of index. We recall that 
on the arithmetic side we have now a good theory of ramification and relative Swan conductors for 
non perfect residue field obtained by A. Abbes and T.Saito (cf. [AS02j ). For rank one representations 
it has been shown that the new definition coincides with the older one given by K.Kato (cf. |AS06j . 
[KatSQQ . 

In this paper we prove that for a rank one p-adic representation V of Ge with finite local mon- 
odromy, the arithmetic Swan conductor of V, defined by A. Abbes, T.Saito and K.Kato, coincides 
with the differential Swan conductor of D^^(V), defined by K.Kedlaya. This will be done by under- 
standing Kato's definition via the techniques introduced in |Pul07j . where one has a description of 
the character group II^(E, Qp/Zp), and one computes the functor D^^ in rank one case. Moreover 
within this framework, we will interpretate the notion of refined Swan conductor (as in |Kat89] . see 
also |Mat97j and [XS06] ). 

We expect a generalization of the previous results to representations of any rank by comparison 
between irregularity and Abbes-Saito Swan conductor. Recently Liang Xiao announced the proof 
of such a generalization: his methods are completely different from ours. 

Plan of the article: 

After introducing some notation and basic definitions in section [H in section [2] we will recall some 
known facts about (local) irregularity of differential operators in one variable over a non archimedean 
complete valued field and its various interpretations. In section [3] we introduce, Kedlaya's definition 
of the p-adic differential Swan conductor for ((/?, V)-modules. 

In section [H we recall Kato's definition of Swan conductor for characters a : Ge Q/Z with 
finite image. We then interpret an explicit description of II^(Ge, Qp/Zp) obtained in |Pul07[ Section 
4.1] in term of Kato's filtration of II^(Ge,Q/Z) (cf. Theorem 14. 9p . As a corollary we prove that 

f W,^(rf)(A:)/pW,^(rf)(A:) if d>0, 
Grrf(Hi(GE,Qp/Zp)) ^ <^ (0.0.1) 

[ Hi(A:,Qp/Zp) if d = 0, 
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where Gr^ means the d-th. graded piece with respect to the Kato's filtration, and Vp{d) is the p-adic 
valuation of d. This simple expression of GiCd{ H^(Ge, Qp/Zlp) ) is obtained by considering any such 
a character as the image of a Witt co- vector in the quotient CW(E)/(F — l)CW(E), which is 
isomorphic to H^(GE,Qp/Zp) via the Artin-Schreier-Witt theory (cf. Sequence (jl.3.3p ). 

In the same section we recall (and precise) a decomposition of G|^ obtained in |Pul07t Equation 
(4.32)]. This allow us to generalize the Kato's definition of the Swan conductor to rank one repre- 
sentations with finite local monodromy (not necessarily with finite image) (cf. Definition I4.16p . In 
section [5l by means of the isomorphism (0.0.1), we will give a new construction of Kato's refined 
Swan conductor according to |Kat89j and |AS06| . 

Finally, in the last sections [6] and [71 we prove our theorem: this will be done by computing 
in the rank one case along the lines of |Pul07] . Firstly we reduce the problem to the case of a 
representation defined by a "pure co-monomiaV (cf. Def. I4.2.3p . then we prove that in this case 
the differential Swan conductor (defined as the slope of r(M, p) at 1~ (cf. Section [3.13P ) coincides 
with the slope of r(M, p) at 0^ which can be computed explicitly in term of the coefficients of the 
equation (Lemma I7.4p . 

Acknowledgements 

Imprimis we would like to thank A. Abbes for his inspiring suggestions and advice throughout the 
preparation of the article. We acknowledge the help given by J.Oesterle for suggesting us the proof 
of Lemma 17.71 in this short form, using Cartier operator. We thank also I. Fesenko, F. Sullivan and 
the anonymous referee. The work of the first author has been done in the Framework of the EC 
contract CT2003-504917 "Arithmetic Algebraic Geometry" and Ministero Universita PRIN "Vari- 
eta' Algebriche, Teoria dei Motivi e Geometria Aritmetica". While the work of the second author 
has been done at the University of Bielefeld in the SFB 701 project B5 "Crystalline cohomology 
and Abelian manifolds". 



1. Generalities and Notation 

1.1 Rings 

Let (L, I • I) be an ultrametric complete valued field, and let / C Mj>q be an interval. We set 

,,|ai|/9*^0, for i ^ zbcx) , Vp e / } , (l-l-l) 

: G L , sup \ai\ < +00 , lim Oj = } , (1.1.2) 



Al{I) 


:= { Y^aiT m 


£l 














e>0 




:= 7^L n . 



(1.1.3) 
(1.1.4) 

The ring Al{I) is complete with respect to the topology given by the family of norms {| • |p}pg/, 
where 

l^ajT^lp :=sup|ai|/o* . (1.1.5) 

i 

The Robba ring T^l is complete with respect to the limit-Frechet topology induced by the family 
of topologies of ^L(]e, 1[). The ring Ei^ is complete for the topology given by the Gauss norm 
I ■ |i = I ■ I^L = I ■ Icauss: I flj^*!! := supj \ai\. The ring E\ has two topologies arising from Hi, and 
respectively, moreover f| is dense in and iuTZl for the respective topologies. If the valuation 
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on L is discrete, then 8]^ is an henselian field. 

Let [p] := {/)}, p > 0, be the (closed) interval which consists of only the point p. The completion 
of the fraction field of ^^([p]) will be denoted by 

{J^L,p, I • \p) ■■= ( Frac(^L([p])) , I • |p . (1.1.6) 

Since rational fractions, without poles of norm p, are dense in ^l([p]) with respect to the norm 
I • Ip, one has that J'L,p is the completion of the field of rational fraction L[T) with respect to the 
norm | • |p. If p G J, one has the inclusions 

Al{I) C Al{[p]) C Tl,p . (1.1.7) 

1.2 Witt vectors and Witt covectors 

For all rings R (not necessarily with unit element), we denote by Wm(-R) the ring of Witt vectors 
with coefficients in R. All notation comes from |Bou83] . with the exception that in our setting 
W^(i?) := W(i?)/V'"+i(W(i?)), where V(Ao,Ai,...) = (0, Aq, Ai, . . .) is the Verschiebung. We 

denote by := (/>j(Ao, Ai, . . .) := Ag^+pAj*^ +.. .+p-'Aj the j-th phantom component of (Aq, Ai, .. .). 
We distinguish phantom vectors from Witt vectors by using the notation {(f)Q, (pi, . . .) G R^ instead of 
(00, 01, . . .)• We denote by F the Frobenius of W(i2) (i.e. the one that induce the map (0o, 0i, . . .) i-^ 
(01) 02) . . .) on the phantom components). If i? is a Fp-algebra, we define a Frobenius F : Wm(-R) — ^ 
W„(i2)byF(Ao,Ai,...) := (Ag,A?,...). 

1.2.1 We recall that if I C is a subgroup closed by multiphcation, then W(/) := {(Aq, Ai, . . .) 
G W(i?) j Aj G I, for all i ^ 0} is a subgroup closed by multiplication of W(i?). In the sequel we 
will apply this to the ring [t^^], and / = tR[[t\], or I = f^Rlt-^ 

1.2.2 The R-modules CW{R) and CW{R). We set CW{R) := lim(W^(i2) ^ Wm+i{R) ^ 

...) and, if R is an Fp-algebra, we set CW{R) := lim(Wm(^) Wm+i{R) ^ •••)) where 
p : Wm(i?) Wm+i(i?) denotes the morphism VF : (Aq, • • • , Am) i— > (0, Aq, . . . , Am). 

Remark 1.1. If R is an Fp-algebra, and if the Frobenius x ^ : R ^ R\s a bijection, then CW(i?) 
and CW(i?) are isomorphic (cf. [PulOTl Section 1.3.4]). In general they are not isomorphic. 

1.2.3 Canonical Filtration ofCW{R) and CW{R). Both CW{R) and CW{R) have ajiatural 
filtration given by Film(CW(i?)) := Wm(-R) C CW{R) and Film(CW(i?)) := Wm(i?) C CW(i?), 
respectively. Defining Grm as Film/Film-i, one has : 

Grm(CW(i?)) = Wm(i?)/V(Wm-i(ii)) = R, (1.2.1) 
Grm(CW(i?)) = Wm(i?)/p • Wm(i?) . (1.2.2) 

Indeed p ■ Wm(-R) = YF{Wm^i{R)). We recall that if R is an Fp-algebra then 

p.Wm(i?) = {AG Wm(i?) I A = (0,A?,...,AP,) , Xi,...,Xra^R} . (1-2.3) 

1.3 Notation on Artin-Schreier-Witt theory 

Let K be a field of characteristic p > and let k'^^^/k be a fixed separable closure of k. We set 

G^ := GaKK'^'P/K) . (1.3.1) 

If K is a complete discrete valuation field, we denote by Iq^ the inertia group and by Vq^ the 
pro-p-Sylow subgroup of Jg.- We have Hi(G«,Z/p™Z) ^ Hom(G«, Z/p™Z) (cf. [Sct621 Ch.X, §3]). 
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The situation is then expressed by the following commutative diagram: 

^ Z/p^+^Z ^ W„(k) W^{k) Hom(G^, Z/p^+^Z) ^ (1.3.2) 







V 



V 



Z/p^+^Z W„+i (k) W„+i (k) Hom(G«, Z/p'^+^Z) 

where z : 1 i— > p is the usual inclusion, and j is the composition with i. For A € Wm(K), the 
character a = 6{X) G Hom(G«, Z/p"^+iZ) satisfies_a(7) = 7(1/) -u € Z/p'^+^Z, for all 7 G G«, 
where iv G is a solution of the equation F(i/) — = A. Passing to the inductive limit, we 

obtain the exact sequence: 

^ Qp/Zp — > CW{k) CW{k) Hom™'^*(G«,Qp/Zp) ^ , (1.3.3) 

where Qp/Zp is considered with the discrete topology, in order that the word "cont" means that 
all characters G^ Qp/Zp has finite image. Indeed lim Hom(GK, Z/p'^Z) can be viewed as the 
subset of Hom(GK, Qp/Zp) formed by the elements killed by a power of p (cf. Remark I4.1.2p . 

Remark 1.2. If the vertical arrows V are replaced by VF in the diagram (ll.3.2p . then the morphisms 
I and J remain the same. Indeed (5(A) = 5(F(A)), because F(A) = A + (F — 1)(A), for all A G Wm(K). 
Hence we have also a sequence as follows: 

^ Qp/Zp ^ CW{k) CW(k) Hom"°°*(G«, Qp/Zp) ^ . (1.3.4) 
1.3.1 Artin-Schreier-Witt extensions. Let A = (Aq, . . . , Am) G Wm(K). Let a := 5(A), then 

(^sep)Ker(a)^^^^^^___^^^|) (1.3.5) 

(i.e. the smallest sub-field of k^^^ containing k and the set {z^O; • • • > ^m}), where v = {uq, . . . , Um) G 
Wm(«^'^^'') is a solution of F(i'') — f = X. All cyclic (separable) extensions of k, whose degree is a 
power of p, are of this form for a suitable m ^ 0, and A G Wm(K). 

1.4 Witt (co-)vectors of filtered and graded rings 

Let A be a ring (not necessarily with unit element). We denote N := Z^q- A filtration on A indexed 
by N is a family of subgroups of (^4, +) 

= Fil_i(^) C Filo(^) C Fili(^) C Fil2(^) C ... (1.4.1) 

such that 

Fild,(A) •Filrf,(^) C FiU,+dM), (1-4.2) 
for all ^1,^2 ^ 0. The pair {A, {Filii{A)}d^Q) is called filtered ring. We say that a ring A is graded if 
^ = ®d^oGiCd{A) (as additive groups), where Grd(A), d ^ are subgroups of A, with the property 
that dcdii^) ■ Gr(j2(^) C Gr^^^+rfj (^)- To a graded ring A = (Bd^oGiCdi^) it is associated a natural 
filtration given by Filn(^) = ®o^d^nGrd(A), which makes A a filtered ring. 



1.4.1 Filtration associated to a valuation. A valuation on A with values in Z is a map v : 
A — > Z U {oo} such that v{a) = cx) if and only if a = 0, and for all oi, 02 G A one has v{ai + 02) ^ 
min(f (ai), f (02)), and f (ai -02) = u(ai) +^(02). If is a valued ring, then ^ is a domain. By setting 

Fild(A) := {aeA \ v{a) ^ -d} , for all d^O, (1.4.3) 

one obtains a filtration on A. In particular, this applies if A is equal to TR[T], R[T,T~^], 

R[[T]\[T~^], T^^ R[T^^] (where i? is a ring), or if A is a valued field of any characteristic. 
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1.4.2 Witt (co-)vectors of a filtered ring. 
Definition 1.3. For all integers d, i ^ we set 

{d:p'} ■= I ^ ^^'^ (1.4.4) 

^ [ -1 if « > Vp{d) ^ ' 

We then have 

Definition 1.4. Let (^4, {Filrf(^)}^^o) be a filtered ring. We define for ah m, d ^ 

Fild(W„(.4)) := {(Ao, . . . , A^) G W„(A) | A^_i G Fil{rf^p.}(yl)} . (1.4.5) 

Lemma 1.5. The ring- Wm(A) together with {Fild(Wm(^))}d^o is a filtered ring. 

Proof. Let A, /x G Filfj(Wm(^)), and let := A + = (uq, . . . , 1/^)- Then, for all ^ n ^ m, Vn is 
an isobaric polynomial in Aq, • • • , A„, /Uq, . . . , more precisely 

where, fco,...,o = 0, kiQ,...,i„,jo,...j„ G N, and, for all io, . . . ,i„, jo, • • • ,jn > 0, one has 

(io + iiP + • • • + inP") + (jo + jiP^ + ■■■+ jnPl = . (1.4.7) 
Hence the condition Xm-i, fJ"m-i ^ Fil|^.pij.(A), implies Um-i G Fil|j^.pi|(yl). 

On the other hand, if A G Fil^^ (Wm(A)), /x G Fild2(Wm(^)), let ry := A . /x = (r/o, . . .,/?„). 
Then for all ^ n ^ m, one has 

Vn= E l<o,...,i.,o,...,.>^ ■ ■ ■ K"f^i° ■■■i^ (1.4.8) 

iOv)*n,jo,---,jnSSO 

where, fcg^ .^q = 0' Ko,...,in,jo,-dn ^ ^' ^^^^ *o, . . ■,in,jo, ■ ■ ■ ,jn ^ 0, one has 

{io + iiP+--- + inP") = p" = (jo + jiP + • • • + jnP") . (1.4.9) 
Then the conditions Am_j G Fil{rfj.p»}(yl), ^^.j G Fil^a^.p^y{A) imply r/^-i G Fil{(^^+rf2):p'}(^). 1^ 

1.4.3 lyitt (co-)vectors of a graded ring. Let now A = (Bd^oGidi^) be a graded ring. We denote 

by 

wI^\A) , (resp. CW('^)(^)) (1.4.10) 

the subset of Wm(^) (resp. CW(yl)) formed by vectors (Ao,...,Am) G WmiA) (resp. co-vectors 
(. . . , 0, 0, Ao, . . . , Am) G CW(^)) satisfying, for all i = 0, . . . , m: 

Xm-i G Gr{rf^p.|(^) , (1.4.11) 
where by definition we set Gr_i(A) = 0. It follows from the equation (jl.4.6p . and from the fact 
that GidiiA) ■ Grd^iA) C Gidi+dii^), that W^^^(^) (resp. CW('^)(^)) is closed under the sum in 
WmiA) (resp. CW{A)). Moreover 

V(WW(A)) C wl^^.iA), (1.4.12) 

and for all di , c?2 ^ one has 

w(^i)(A) . W(^2)(^) C W^^^+'^^^A) . (1.4.13) 
We notice that Y{'Wm\A)) = W^^-^(^) if d = np^, with {n,p) = 1, and v ^m. This proves that 

CW^'^\A) = limWl^\A) . (1.4.14) 
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Lemma 1.6. If A = ©(i^oGr^(A) is graded, then the filtration (jl.4.5p on Wm(yl) is a grading and 

Gr,(W„(A)) = W'^^A). (L4.15) 

The decomposition WmiA) = (Bd'^o^rn (A) = (Bd^oGi d(^m{A)) pass to the hmit and defines a 
decomposition 

CW{A) = (Bd^oCW^'^^iA) = ed^oGrd{CW{A)) . (L4.16) 

Proof. We prove first that Wm{A) ^ (Bd^o^miA). If m = 0, then Wo(A) = A, the lemma holds. 
Consider now a vector (Aq, . . . , Am) S Wm(^)- If Aq = J2d^o ^l^^ ^ with Aq'^'' € GidiA), then 

(Ao,Ai,...,Am) = (Y, xi^\o,...,o) + {o,Xl,...,Xm) = Y,ixi^\o,...,o) + {o,^il,...,^lm), 

d^O d^O 

(1.4.17) 

for some /ii, . . . , Hm G A. The process can be iterated for (0, ^i, . . . , /Xm). This proves that Wm(j4) 
is generated by the elements of the form (0, . . . , 0, x, 0, . . . , 0), with x € Grrf(A), placed in the i-th 
position, where i (resp. d) runs on the set {0, . . . ,m} (resp. Z^o)- Hence WmiA) = J2d^o'^"^\^) ■ 
We prove now that the sum is direct by induction on m ^ 0. For m = this reduces to 
A ^ ®d^oGrd{A). Let now m ^ 1. If Ed>o'^^'^^ = 0' ^it^ G W^^^(^), for ah d ^ 0, then 
= J2d^o '^o'^^ hence x''^^ = for ah d ^ 0, because A ^ Bd^oGrdiA). Then every A^'') belongs to 

V(W^Li(^)). By induction we have A^''^ = for all d ^ 0. Finally the decomposition pass to the 
limit by (|1.4.14p and because every Witt co- vector belongs to W^iA), for some m ^ 0. □ 

1.5 Settings 

Hypothesis 1.7. Let p > 0, and let q = p^, h > 0. Let A: be a field of characteristic p containing 
¥q. We assume that k admits a finite p-basis {ui, . . . ,Ur}. 

Notation 1.8. For all field k of characteristic p > 0, we denote by a Cohen ring of n (i.e. a 
complete discrete valued ring of characteristic with maximal ideal pC^ and with residue field k.). 

Let E be a complete discrete valuation field of characteristic p, with residue field k. Let t be 
a uniformizer of Oe- If a section k C Oe of the projection Oe k \s chosen, then one has an 
isomorphism (cf. |Bou83[ Ch.9,§3,N°3,Th.l]) 

E ^ k{{t)) , Oe ^ klt\ . (1.5.1) 

Lemma 1.9. Let ki,K2 be two fields, and let f : ki ^ k,2 be a morphism of helds. Let {xi}i^j 
be a p-basis of ki, and let yi := f{xi). Let 0^1, be two Cohen rings with residue held ki,K2 
respectively, and let {xi}i(zj C C^i, {yi}iei C C^a be arbitrary liftings of {xjig/ and {yijiei- Then 
there exists a unique ring morphism f : C^i of f sending Xi into yi. 

Proof. See |Bou83[ §1, N°l, Prop.2; Ex.4 of §2, p.70]. See also |Whin2j . □ 

Let Cfc be a Cohen ring of k, and let Lq be its field of fractions. Since Ogj^^ is a complete discrete 
valued ring with maximal ideal generated by p, and with residue field isomorphic to E, then 

Cfc ^ Ol, , Ce = Oe^^ . (1.5.2) 
Let be a finite extension of Qp with residue field Fg. We set L := K '^■w(¥g) Olq and hence 

Ol := Ok ®w(f,) ©Lo • (1-5.3) 
One sees then that Og^ = Os^^ ®w(Fg) Ok- 
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Definition 1.10. Let {ui, . . . , Ur} C Olq be an arbitrary lifting of the p-basis {ui, . . . , Ur} of k (cf. 
Hypothesis (LT])- By Lemma [L9l we fix a Frobenius f oi Olq sending ui, . . . ,Ur into ui, . . . ,Ur. We 
denote again by f the Frobenius Mo^ (/? on Ol- We extend to O^^, O^t , and TZl this Frobenius 

by sending T,ui, . . . ,Ur into T'', u^, . . . , u^- 



The situation is exposed in the following diagram: 

Ok ^Ol 



■W(F,) 



■F 




(1.5.4) 



■ p " q ■ 

We denote by Lq, L, £l, Sl^, the fractions fields of Ok, Olq, Ol, Og^, and Os^^ respectively. 
1.6 The Cohen rings of kQ{ui, . . . , Ur) and k^ilui)) . . . ((ur)) 

Let /cq be a perfect field, and let {ui, . . . , u^} be an algebraically independent family over k^. In this 
subsection we give a description of the Cohen ring = Olq in the case in which k = kQ{ui, . . . , Ur) 
or k = koilui)) . . . {(ur))- 

Let {til, . . . ,Ur} C Olq be an algebraically independent family over Fq := Frac(W(/co)), lifting 
{-ui, . . . ,Ur}- We will define the Cohen ring of A; = A;o(('Ui)) . . . ([ur)), ^Fo, {«!,...,«,.) inductively on r. 



For r = 1 we define £fo,{ui) as the Fo-vector space whose elements are series f{ui) 
with G Fq, satisfying 



sup \ai 



lim \a. 



< +00 , 

= . 



(1.6.1) 
(1.6.2) 



This is a complete field under the absolute value 

l/(^l)kFo,{«i) 



max a,- 



it is also unramified over Qp and its residue field is ko{{ui)). Hence its valuation ring is a Cohen 
ring of A;o((mi)). For r = 2 using the case r = 1 we can define S^^^ (ui),{u2)- This is a £fo,{ui) vector 
space whose elements are Laurent series in U2 with coefficients in f'p^j satisfying the previous 
conditions ()1.6.ip and (jl.6.21) . It is a complete field under the extension of the previous norm. In 
fact, if fiu2) = Eiez 



ajU 



I "-2' 



with Oj € (S^Q (u^) we define 



1/(^2)1. 



max |aj|£- 



Fo,(«i)' 



■'£fo,(^i)-(''2) 

it is again non ramified and its residue field is A;o((ui))((ti2))- This norm is an extension of the 
Gauss norm on rational functions. We may then continue for a general r by defining £Fo,{ui,-..,ur) — 
^fFo,(ui,...,u,_i),K) a Cohen ring for A;o((ui)) . . . ((u,)). 

Remark 1.11. If k = fco(^i) • • • ,Ur), then the Cohen ring C^ = Ol^ is the ring of integers of the 
completion of -Fo(''^i) • • • ,Ur), with respect to the Gauss norm. 

1.7 Differentials 

We fix an arbitrary lifting {ui, . . . , Ur} C Cfc = Olq of the finite p-basis {ui, . . . , Ur} dk oi k. 
Lemma 1.12. Let denote the module of continuous differentials. The following assertions hold: 
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i) is a free Oi-module of rank r, generated by dui, . . . , dur, 

ii) dimiQ^^j^ = r, and is generated by dui, . . . , dur. 

Proof. The proof can be done by using |Gro64[ Ojy, Prop. 19.8.2, Th.20.4.9, Cor.20.4.10], [Gro60L 
0/, Prop.7.2.9], and |(ko61[ 0///, 10.1.3], □ 

The elements ui, . . . ,Ur £ k are algebraicahy independent over (cf. |Bou59t Ch.V, §8 Ex.9]). 
So the elements ui, . . . ,Ur are algebraically independent over Qp and over K, since a polynomial 
relation P{ui, . . . ,Ur) = will imply, by reduction, a relation on {ui, . . . ,Ur}- Since L has the p-adic 
topology, hence the topology induced by L on K{ui, . . . , Ur) is the p-adic one, which coincides with 
that defined by the Gauss norm | ^ Oji,...,^''^!^ Icauss := sup |aj^^...^j^ \k- In particular L contains 

the field Cp (^ui,...,ur) '^w(F ) ^ = {K{ui, . . . ,Ur), \ ■ Icauss)^, where (•) means the completion with 
respect to the Gauss norm. 

Let / C M^o- Let ^\^^yK denote continuous differentials, with respect to the topology oi Al{I) 
(cf. section [LT]1 . then 



n 



r 

AUD/K = ■ dT® (0^l(/) • du^ . (1.7.1) 



i=l 



Consequently, also ^^^/j^i /k'' ^t^l/k freely generated by dT, dui, . . . , dur. 
1.8 Spectral norms 

For all complete valued ring {H, [.[/f)/(Zp, [.[), and all Zp-derivation d . H ^ H, we set 

n ■■= sup \d''ih)\H/\h\H , \d\H,Sp ■■= lim , (1.8.1) 

This section is devote to proving the following 
Lemma 1.13 ( [Ked071 Remark 2.1.5]). Let L be as in section [L5[ Let 

CO ■= \p\l^ . (1.8.2) 

Then one has 

\dldT\:FL,p = , \d/dui\jr^^^ = 1 



(1.8.3) 



Proof. The assertions on d/dT are well known (cf. |Chr83| ). We study now only d/dui. We split the 
proof in three lemmas: 

Lemma 1.14. For all i = 1, . . . ,r, one has \d/dui\yr^ ^ = \d/dui\i, and \d/dui\jr^ ^ sp = I'^/'^^ilL,Sp- 

Proof. It is enough to show that, for all n ^ 0, one has \{d/ dui)'^\jr^ = \[d/ dui)'^\i. Since 
L C J^L,p-, then \{d/ dui)'^\jr^ ^ ^ \[d/ dui)'^\L- Conversely, for all n ^ 0, one has \{d/ dui)'^\jr^ ^ = 
supjgjp^ ^ IJI^^;^ |((i/(ini)"(/)|p. We observe that since L[T,T^^] is dense in J^L,p, we can con- 
sider the sup on the set {/ = "^ajT^ G L[T,T~^] , \f\p = 1}. For all such / = "^ajT^, one 
has \{d/duir{J2ajT% = \Eid/dui)^{aj)Ti\p = sup^- \{d/dui)''{aj)\pi ^ sup^- \{d/du^r\L\aj\f>j = 
\{d/duir\L\f\p, hence |(d/du01^^,, ^ \{d/duir\L. □ 

Lemma 1.15. One has \d/dui\L = 1- 

Proof. Since d/dui{OL) C Ol, one has \d/dui{a)\L ^ 1 = |o|, for all a £ Ol, \a\ = 1. Hence 
\d/dui\L = sup|„|=x,aG-L ^ Conversely, we have that K{ui,...,Ur) C L, and the 

valuation induced by L is the Gauss norm. If B denotes the completion of K(ui, . . . ,Ur), then 
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it is easy to prove explicitly, using the description given in Section [L6l that \d/dui\^ = 1, and 
|(i/(iui|B,Sp = ^- The computations are analogous to the classical ones for d/dT (cf. |Chr83] ). Since 
B C L, we have the easy inequality 

1 = \d/dui\B ■■= sup \d/dui{b)\^ ^ sup \d/dui{h)\L = \d/dui\L ^ 1 • (1.8.4) 

6gB , 16j=l b&L , \b\=l 

□ 

Analogously one proves that |n!j = \{d/dui)'^\B ^ \{d/dui)'^\L, to = \d/dui\B,Sp ^ \d/dui\L^sp- It 
is now sufficient to prove that \d/dui\L,Sp ^ ^- We will prove this inequality first over Prac(Cfc), and 
then over L. 

Lemma 1.16. One has |(c^/c^'iii)"|Frac(Cfe) = I'^'l- 

Proof. Let A := ¥q{ui, . . . ,Ur) Q k. Let and Ca be the Cohen rings attached to k and A 
respectively. Fix an inclusion Ca C C^. Let B := C| + pC^, then B is a closed sub-ring of 0^, 
and hence complete. Since k = A (^ap k^, and since (B/pCk) = k^, then Ck is generated by Ca 
and B. By the description given in Section II. 6^ one sees that \{d/dui)^\A = I^t-'I- On the other 
hand, d/dui{B) C pCk Q B, hence \d/dui\F^ ^ \p\, where Fb is the completion of Frac(B). Hence 
\{d/dui)^\F^ ^ IpI" ^ \nl\. Since every element x £ Ck can be written as x = with 
Oi G Ca, and bi € B, then \{d/dui)^\p,-i^c{Ck) ~ I'^'l- '-' 

End of the proof of Lemma \1.13\ : One has L = K (8'w(Fq) C^. Every element x L can be 
written as x = ^27=1^^^^^^ ^* € K, 5j € C^. Since \{d/dui)\K = 0, one sees that \{d/dui)'^\L = \n\\. 
Hence \d/dui\L,Sp = □ 

2. Radius of convergence and irregularities: the perfect residue field case 

This section is introductory. The main goal is to connect the fundamental work of G.Christol 
and Z.Mebkhout with other results, definitions, and notations introduced by B.Dwork, L.Garnier, 
B.Malgrange, K.Kedlaya, P.Robba, N.Tsuzuki, for example. In all this section we assume that L 
has a perfect residual field k. 

2.1 Formal Irregularity 

The notion of irregularity of a differential equation finds its genesis in |Mal74| , in which the definition 
has been introduced for the first time for a differential operator with coefficients in C((T)), here C 
is a field of characteristic 0. We recall briefly the setting. If P{T,-^) := Y2=Q9k{T){-^ f , with 
gk{T) S C((T)), the Formal Irregularity, and the Formal Slope of P are defined as 

IrrFormai(-P) := max {k - vrigk)} - {n - vrign)) , (2-1.1) 
Slopep_,(P) = max( , max ( ^TiSn) - vHg,) _ x X ^^^^^^^ 

V k=0,...,n \ n — k / / 

where is the T-adic valuation. One defines the Formal Newton polygon of P, denoted by NP{P), 
as the convex hull in of the set {( k , {vxigk) — k) — {vxign) — n) )}fc=o,...,n together with the 
extra points {(— cxd,0)} and {(0, +oo)}. The formal slope is then the largest slope of the formal 
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Newton polygon of P, and the irregularity of P is the height of the Newton polygon: 




"0=0 . (2.1.3) 

Let V := C((T))[^]. These definitions are actually attached to the differential module M = D/D- P 
over C((r)) defined by P, and are independent on the particular cyclic basis of M. We hence use the 
notation NP(M), IrrFormai (M) , Slopepoi.jnai(M)- The differential module M admits a so called break 
decomposition 

M = e,^oM(s) , (2.1.4) 

into P-submodules, in which M(s) is characterized by the fact that it is the unique sub-module of 
M whose Newton polygon consists in a single slope s (counted with multiplicity) of the Newton 
polygon of M. Hence the Formal irregularity can be written as 

IrrFormal(M) = ^ « ' dimc((T)) M(s) . (2.1.5) 

2.1.1 Formal indices. We preserve the previous notations. It can be shown (cf. |Mal741 1.3.1]), 
that, if Lp : C[r] ^ C|r] denotes the C-linear map /(T) ^ P{f{T)), then 

IrrFormai(M) = x{ Lp ; cm ) - (n - VT{gn)) , (2.1.6) 

where xi^P'i C[T]) = dime Ker(Lp) — dime Coker(Lp). 

Assume moreover that C = C is the field of complex numbers, and that M is a differential 
module over C({T}) := Frac(C{T}), the fraction field of convergent power series. B.Malgrange 
proved (cf. |Mal74l 3.3]) that if G{T) G M„(C{r}) is the matrix of T-^ acting on M, and if 
T-^ + ^G{T) : C({r})" C({r})" is the differential operator attached to M in this basis, then 
one has also 

IrrFormai(M) = -x( T-^ + 'G ; C({T})" ) , (2.1.7) 

where x{T-^ + *G;C({T})") := dimcKer(T^ + *G) - dime Coker(T^ + *G). Moreover the 
quantity {n — VT{gn)) can be related to the characteristic variety (at 0) of the P-module M. 

2.2 p-adic framework, the irregularity of Robba and Christol-Mebkhout 

Assume now that C is a complete ultrametric field. Denote by C({T}) the subfield of C((T)) of 
convergent (p-adically) power series around with meromorphic singularities in 0. It has been 
showed by F.Baldassarri (cf. |Bal82j ) . that if M is a C({T})-differential module, the above Break 
decomposition of M (8'e({T}) C((T)) descends to a break decomposition of M, over C({r}). In this 
sense, from the point of view of the Irregularity, the ^^convergent theory" in the ultrametric setting 
over a germ of punctured disk, with meromorphic singularities, offers nothing more than the formal 
theory" . 

2.2.1 The Robba ring as the completion of the generic point of a curve. A more interesting 
class of rings are those arising from Rigid Geometry. Let L be the field of Section 11.51 Let X 
be a projective, connected, non singular curve over Ol, with special fiber and generic fiber 
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Xl. Let be the rigid analytic curve over L defined by the generic fiber of X (because X 
was projective this rigid analytic space also coincides with that obtained by completion along the 
special fiber). For every closed point xq G X^ we denote by ]a;o[ C Xf^ the tube of xq in XJ^. Let 
xo, . . . , x„ G Xk be a family of closed points, and let Uk '■= X^ \ {xq, . . . , x„} and denote j the open 
immersion of Uk in X^ ■ Let ]C/fc[:= Xf^ \ U"^Q]xj[ be its inverse image in Xf^. We denote by 
the sheaf on Xf^ of functions overconvergent along X^ \ U^. Let 7W be a (locally free) j^^Oj^/^p 
sheaf of differential modules admitting a Frobenius structure. By Frobenius structure we mean the 
existence of an isomorphism {ip*)^{A4.) ^ > M., for some /i ^ 0, where ^p* is associated with the 
absolute Frobenius and {(p*)^ := (/?* o • • • o (^*, /i-times. For all i = 0, . . . , n we fix an isomorphism 
CKj > D~(0, 1). We define the Robba ring TZ^- as the pull back of TZ^ via the morphism Oj. 

Let y be a strict neighborhood of ]Uk[- Every (overconvergent) function of T{V, Oxf^) defines, via 
the isomorphism a, a germ of analytic function in an annulus 1 — e < |T| < 1 of D~(0, 1). For all 
i = 0, . . . ,n, and for all such V, we have then a natural restriction morphism r(y, Ox^") — > Ttx^ 
compatible with the derivation, and with restrictions maps of the sheaf Then it makes sense 

to consider the restriction M.Xi oi M io\ differential module over TZx,- 

The Robba ring TZ^ is actually isomorphic to lim^T{Vr\]xi[,Oxi'^) where V runs on the set of 
strict neighborhoods of ]C/fc[ in (cf. [Cre92], see also |Matn2[ After Cor.3.3]). In this sense TZr. 
is the analogous of the ring C((T — Xi)) of the previous section viewed as the completion at Xi of the 
field of functions of a non singular projective curve over C. 

2.2.2 p-adic irregularity of differential modules over the Robba ring. With the notation of the 
previous section, let d/dT + G, G £ MniTZLj-, be an operator attached to in some basis. 
Following P.Robba, G.Christol and Z.Mebkhout [(MOOl 8.3-8] we set: 

Irr,,(X,J ■.= x{Mx^.Al{Q,1)) (2.2.1) 

where x is the generalized index of d/dT + G on Al{Q, 1)" (cf. [CMOOl 8.2-1]). Notice that d/dT + G 
does not act on ^l(0, 1)" since G has coefficients in TZl, this is the reason for which one introduces 
the generalized index. If M. is an holonomic differential module on Xl such that it is associated 
to an isocrystal overconvergent along its singular points and endowed with a Frobenius structure, 
then Aixi is a ^^(0, l)-differential module endowed with a Frobenius Structure, and one has (cf. 
[CMOOl 8.3-9] and |CM93[ 6.2.3]) 

iTVxAMx,) = x{Mx,,Al{Q, 1)) - (n - ord;^(A^)) (2.2.2) 

where now x denotes the index of d/dT + G acting on ^l(0, 1), and ord~.(A^) is the sum of all the 
multiplicities of the vertical components of the characteristic variety of M at every singular point 
contained in ]xi[ = D~(0, 1). We notice that in this case one has moreover 

xiMx,,AL{0,l)) = dimiHom^^[^/rfr](A^x.,^L(0,l)) -dimiExti^^[^/rfr](7W,,,^L(0,l)) . (2.2.3) 

2.2.3 Geometric interpretation: formal and p-adic irregularities as slopes of the generic radius 
of convergence. We concentrate now our attention to differential modules over the Robba ring. 
Robba first and then Christol-Mebkhout have indicated that the behaviour of the generic Radius 
of convergence of the solutions of a finite free 7^2.-differential module is strictly connected to its 
irregularity. Let M be a finite free T^i^-differential module. Let e be a fixed basis of M, and let 
G{T) G MnilZi) be the matrix of the connection Vt : M ^ M in this basis. Let e > be such that 
G{T) G M„(^/,(l — e, 1)). Consider the generic Taylor solution 

Ycix^y) := (2.2.4) 
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where the matrices {GniT)}n^o are defined inductively by the rule Go = Id, Gi = G, Gn+i = 
d/dT{Gn) + GnGi. The matrix Yq verifies {d/ dxY{YGlx,y)) = Gn{x)YG{x,y), for all n ^ 0. The 
generic radius of convergence of F at p is defined as Ray{YG, p) := liminf„(|G„|p/|n!|)~^/". Since 
\Gn\p = max|y|=p \Gn{y)\, RayiYc^ p) is the minimum among all possible radii (with respect to T) 
of YG(T,y) with \y\ = p. The quantity RayiY^ p) is not invariant under base changes. Indeed in 
the basis Be, B G — e, 1)), the new solution is B • which is possibly not convergent 

outside the disk D~(y,p) (where \y\ = p). We set then 

Ray{M, p) := TcAn{Ray{Y, p), p) , (2.2.5) 

which is independent of the choice of basis. The function p i— > Ray(M, p) :]1 — e, 1[— > is continu- 
ous, piecewise of the type ap^, for convenable a,6 G M, and log-concave (cf. Section [3. 3. H [CD94j). 
We refer to the fact that M has lim^^i- Ray(M,p) = 1 (cf. |CD94] ).as the solvability of M. This is 
the case, for example, if M admits a Frobenius structure. 

The Formal slope has a meaning in term of radius of convergence: 

Proposition 2.1. Let (M, V^) be a solvable differential module over L{{T)) nTlL C Ak(]0, 1[). 
Then tJie Formal Slope of M as differential module over L{(T)) coincides with the log-slope of the 
function p i— > Ray{M, p)/p, for p sufficiently close to 0. 

Proof. We fix a cyclic basis for which M is represented by an operator '^^^QgiiT){d/dTy , Qn = 
1. For all /(T) € L{iT)) fl TZl, if p is close to zero, then the log-slope of /O i— > \f{T)\p is equal 
to VT{f{T)). Since p i— > Ray(M,p) is log-concave, and since limp^i- Ray{M, p) = 1, then we 
have two possibilities Ray{M,p) = p for all p e]0, 1[, or there exists an interval / =]0, such 
that, for all p G / one has Ray(M,p) < \uj\p, uj = 

|p[i/(p-i). We can then apply |CM02[ 6.2]. 
Ray{M, p) = p if and only if VT{gi) ^ i — n for all i < n i.e. if and only if the formal slope is 0, 
the second case arises if and only if VT{gi) < i — n, for some i, and in this case one has the formula 
Ray{M, p) = p ■ . mino^j^ \gi{T)\p^^^^ This prove the proposition since for p close to 

zero \gi{T)\p = aip"T'^9i\ for some G M+. □ 

If (M, V^) is solvable, one proves that there exists /3 ^ 0, and e' > 0, such that Ray{M, p) = p^, 
for all 1 — e' < p < 1. One defines then the p-adic slope of M as /3 — 1. 

. log(Ray{M,p)/p) 

log(p) 



>-adic slope of(M) 



/ Formal slope of(M) 

Notice that the Formal slope is directly defined by the T-adic valuations of the gi's whereas the 
p-adic slope is implicitly defined by the coefficients. No explicit formulas expressing the p-adic slope 
as function of the valuations of the gj's is known. For this reason Christol and Mebkhout provide 
then a break decomposition theorem for these p-adic slopes, reflecting the analogous decomposition 
in the formal framework, and then define the Newton polygon by means of the p-adic analogue of 
the formula (j2.1.5p given by the following: 

Theorem 2.2 ( |CM00j ). Let (M, V^) be TZL-differential module endowed with a Frobenius struc- 
ture (hence solvable). Then M admits a break decomposition M = (Bfs^o^iP), where M(/3) is 
characterized by the following properties: there exists e > such that 
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i) For all /? g]1 — e, 1[, M(/?) is the biggest submodule of M trivialized by every ring AL{y, P^^^), 
for all Vt/L, and all y G il, with \y\ = p; 

ii) For all p g]1 — e, 1[, for all \y\ = p, y £ fi, for all Vl/L, and for all 0' < (3, M(/?) has no solutions 
inAL{y,p'''+'). 

The number Irr(M) := '^py^P ■ ranknj^(M{P)) is called p-adic irregularity of M, and lies in N. 

Theorem 2.3. ICM00[ 8.3.7] Let (M,V^) be TZi-differential module endowed with a Frobenius 
structure (hence solvable). Then Irr(M) := J2i3^ol^ ' ^^^^TlKi^if^)) coincides with x(M, ^^(0, 1)) 
defined in subsection 2.2.2 

Remark 2.4. In practice the explicit computation of the p-adic slope is possible only if it is equal to 
the formal slope, i.e. if the the log-graphic of the function p i-^ Ray{M, p) has no breaks and if, for 
/9 G]1 — e, 1[ sufficiently close to 1 — e, the Ray{M, p) is sufficiently small to be computed explicitly 
via |CM02t 6.2] as in the proof of Proposition 12. 1[ This is often done by considering Frobenius 
antecedents of M. 

2.2.4 Radius of convergence and spectral norm of the connection. The generic radius of con- 
vergence admits the following description. For p g]1 — e, 1[ set Mp := M (8'_4^(]i„£ i[) J^L,p- Let 

|.|mp be a norm on Mp compatible with \.\p. Denote by 1V^''|mp and |V^''|Mp,Sp the norm and 
the spectral norm of V^'' respectively as operator on Mp (cf. def. 13. 6p . Making these definitions 
explicit with respect to a basis of M for which the matrix of the connection is G, one finds that 
|Vy ''iMp.Sp = max( ul> ■ p~^ , limsup„^oj3 \Gntp'^ )) where u = \p\^/^'P~'^^ and where G„ is the matrix 
of (V^)" (cf. LemmaESD- Hence by LemmalLia one has 

RayiU,p)=p.^^l^^^. (2.2.0) 

ViVlp 
, T iMp.Sp 

The quantity ^ ^ ^ ^-^^.p'^p jg j^^iore intrinsic, and actually the p-adic slope is defined as the slope, for 

|Vj,''|Mp,Sp 

\d/dT\jr sp 

p close to 1 , of the function p i— > — ^ — '-^ — . 

Vj, iMp.Sp 

3. Differential Swan conductor in the non perfect residue field case 

In this section we recall some basic definitions given in |Ked04) . generalizing to the non perfect 
residual case the more classical analogous notions in [Fon90| and |Tsu98a| . 

3.1 (0, V)-modules and differential modules 

Definition 3.1. Let be one of the rings £l, £'l, T^l, ALil) (resp. Os^, O^t)- A differential 
module M over Bx, is a finite free B^^-module, together with an integrable connection 

M->M0f^^^/^ (3.1.1) 

(resp. M — > M (g) fig^^^^^). Morphisms between differential modules commute with the connections. 
The category of differential modules will be called V — Mod(Bi/i(') (resp. V — Mod(Bi/Oii')). 

Definition 3.2. Let B^ be one of the rings £l, Sl, TIl, Os,^, O^t • A (f>-module (resp. a ((/?, V)- 
module) over B^ is a finite free B^^-module (resp. V-module) D, together with an isomorphism 

0^ : (^*(D) ^ D (3.1.2) 

14 



Arithmetic and differential Swan conductors 



of B /^-modules (resp. of V-modules). We interpret (jP as a semi-linear action of (/3 on D. Morphisms 
between (/(-modules (resp. {(p, V)-modules) commute with the Frobenius (resp. with the Probenius 
and the connection). The category of </)-modules (resp. (99, V)-modules) over will be denoted by 
(^-Mod(BL) (resp. {ip,V)-Mod{BL/K) or (99, V) -Mod(BL/OK) if B^ = Oe„0^,J. 

Notation 3.3. We denote ((/?, V)-modules with the letter D, and V-modules with the letter M. 

3.2 Representations with finite local monodromy and ((/?, V)-modules 
We set 



Ge 



Gal(E^^P/E) , (3.2.1) 
Inertia of Ge , (3.2.2) 
Wild inertia of Ge • (3.2.3) 



Definition 3.4. We say that a representation a : Ge GLn{OK) has finite local monodromy if 
the image of Iq^. under a is finite. We denote by V(a) the representation defined by a, and by 

fin (r^_\ ii,„ 



Repo^ (Ge) the category of representations with finite local monodromy. 



Following jKedOT] (and [Tsu98aj ) we denote by be the quotient field of the ring 

0~ := Op (^or e'er ■ (3.2.4) 

We denote again by d/dT, d/dui, . . . ,d/dur the unique extension to of ip, d/dT^ d/dui, . . . , 

J. r- 

d/dur on If V G Repg;^^,(GE), we consider V ^~ together with the action of Ge given by 

^{v x) := 7(f) (S> jix), where 7 € Ge, f G V, x G f|^. We define 

Dt(V) = (V^o,0~)GB, (3.2.5) 

and we consider it as an object of ((/?, V) — Mod(C'^t /Cx) with the action of (fp''^^') := 1 

V?'^^) -.= 1(8)^, V°'(^) := 1 ® ^, . . . , V°!(^) := 1 ^ d^- Reciprocally, for every (D, c/.^, V^) G 
{(f, V)-Mod(C'^t /Ok) we consider DO© t 0~ together with the action of 0^ (V^^l+l^d/dT), 

(Vy. 1 + 1® d/dui), i = 1, . . . , r. We set then 

Vt(D) := (D 0o ^ 0~)('^°®^)=i , (3.2.6) 

and we consider it as an object of RepQ^, (Ge), with the action of Ge given by 7(x iX) y) := x iX) 7(y), 
with 7 G Ge, X G D, y G O^^. 

Proposition 3.5 ( |Ked071 3.3.6] and |Tsu98a] ). The above representation V^(D) has finite local 
monodromy. Moreover the functor 

V ^ Dt(V) : Repg;^(GE) (<^, V) -Mod((!?^t /Oi^) , (3.2.7) 
is an equivalence of categories with quasi inverse D 1-^ V^(D). □ 

3.3 The differential Swan conductor. 

Let M G V-Mod(^L(/)). For all p G / we set (cf. (fTXell ) 

Up := M Tl,p ■ (3.3.1) 
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Definition 3.6. Let Mp be a V-module over Fl p- Let 



be a norm on Mp compatible with 



the norm | • |p of TL,p. For all V^" G {Vy ^ V„i", • • • , V^'"}, we define 



SUPmGM„ 



|VMp(m)|Mp 
Io^Imo 



(3.3.2) 



IV^'^Im^Sp := limsup„^^|(V^^'')"|;i: 



The definition of |V ''Im^.Sp does not depend on the chosen norm | • Im^, but only on the norm | • |p 
of J^L,p (cf. |Kedn7[ LL?]'). 

Definition 3.7 ( |Ked07l 2.4.6]). Let M be a V-module over Al{I)- We define the (toric) generic 
radius of convergence of M at p as (cf . Lemma I1.13P : 



r(M, p) := min 



iMp.Sp |Vmi |Mp,Sp 



, . . . , 



I ^Ur |Mp,Sp 



(3.3.3) 



This definition is a generalization to the case of non perfect residual field of the notion of radius 
of convergence as given at the end of section [2j 

Lemma 3.8. Let Mp he a V-module over Ti^p- For i = 0, . . . ,r let G^^ ^ Md{!FL,p) be the matrix of 
(V!^0" (resp. ifi = 0, G° is the matrix of (V^")"). Then 



v!^''|mp,Sp = max( uj , limsup IG^Ip^" ) 



(3.3.4) 



1 

where UJ := \p\p-'^ (cf. Lemma \l.l3\) . and 

|Vy''|Mp,Sp = max( UJ ■ p^'^ , limsup |G° Ip/" 
Hence, hy Definition \3.7\ one has 



T(Mp,p) = min ( 1 , uj ■ p 

i=l,...,r \ 



-1 



liminf 



n \p 



, UJ ■ 



liminf 



n I p 



(3.3.5) 
(3.3.6) 



Proof. This follows directly from the definition [32] (cf. |Ked07[ (1.1.7.1)]). □ 



The following definition generalizes that one given in section [2.2.41 to the case of general residue 
field with finite p-basis. 

Definition 3.9 ( |Ked07[ 2.5.1]). Let M be a V-module over AiQe, 1[), with < e < 1. We will say 
that M is solvable if 



lim r(M, p) = 1 . 



(3.3.7) 



This is the case if the module has a Frobenius structure. 



3.3.1 We recall that if / : M>o — > M>o is a function, the log-function / : M ^ M attached to / 
is defined as /(r) := log(/(exp(r))). Note that if /(/?) = ap^ (for p £]pi,p2[), then /(r) = log(a)-|-6r 
(for r e]log(pi),log(p2)[). 

Notation 3.10. We will say that / has a given property logarithmically if / has that property. 

Definition 3.11 ( |Ked07[ 2.5.6]). Let M G V - Mod(7^L/i^) be a solvable V-module. The slope 
of M (at 1~) is the log-slope of the function p i-^ T(M,p), for p < 1 sufficiently close to 1~. We 
denoted it by 

slope(M,l-). (3.3.8) 
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Let M G V - Mod{AL{I)/K). In [KedOT I K.Kedlaya proves that the function p ^ T(M,p) is 
continuous, log-concave, piecewise log-ajfineij and moreover, if M is solvable, that the Definition 
13.111 has a meaning, since there exist a e < 1, and a number /3 such that T(M, p) = p^, for all 
p e]e, 1[. In this case the slope of M is (cf. |Ked07l 2.5.5]): 

slope(M,l-) = /?. (3.3.9) 

The log-function log{p) log(T(M, p)) draws a graphic as the following: 

iog(r(M,p)) 

log(p) 




slope(M, 1") 

(3.3.10) 

Following |Ked07[ Definitions 2.4.6, 1.2.3, 2.7.1] let M be a solvable V-module over Opt • Assume 
that M is defined over ]e, 1[. Let Mp^i,Mp^2, ■ ■ ■ , ^p,n be the Jordan-Holder factors of Mp, for p G]e, 1[. 
We define S{M,p) as the multi-set whose elements are T{Mp^i, p), . . . ,T(Mp^n, p) with multiplicity 
dimjFpMp^i, . . . , dimjPpMp^n respectively. We will say that M has uniform break (3 if there exists 
e ^ e' < 1 such that, for all p G]e',l[, S{M,p) consists in a single element p^ with multiplicity 
lanko + M. 

Theorem 3.12 ( |Ked07l 2.7.2]). We maintain the notations of section [3.3.1[ Every indecomposable 
solvable V-module over O^t has a uniform break. In general, for M a solvable \/-module we have 
a decomposition 

M= M^, (3.3.11) 

where Ma is a solvable V-module over O^t -module, with uniform break /?. □ 

Definition 3.13 (differential Swan conductor [Ked07l 2.8.1]). Let M be a solvable V-module over 
O^t . Let M = ©^gQ^jjM^, be the decomposition of Theorem 13.121 We define the differential Swan 
conductor of M as 

sw^(M) := /? • ranko ^ . (3.3.12) 

Moreover, for all V G Rep^''^(GE), we set: 

sw^(V) := sw^(Dl"(V)) . (3.3.13) 
Remark 3.14. If ranko ^M = l, then sw^(M) = slope(M, 1"). 

3.3.2 The Toric Generic Radius of convergence r(M, p) can be seen as a concrete Radius of 
convergence of certain Taylor solutions (cf. ]iKed07[ Section 2.2]). Hence, by the usual properties 
of the Radius of convergence of solutions of a differential equation one has sw^(Mi (S> M2) ^ 
max(sw^(Mi), sw^(M2)) (resp. T(Mi ®M2,p) ^ min(T(Mi, p), T(M2, p))), and moreover equality 
holds if sw^(Mi) ^ sw^(M2) (resp. T(Mi,p) / T(M2,p)). 



i.e. the function p t-^ T(M, p) is locally of the type ap'' in a partition of I. 
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3.3.3 Ramification filtration. The group Ge is canonically imbedded into the Tannakian group 
of the category Rep^' (Ge). The definition of the differential Swan conductor, together with Theo- 
rem [3T2l define a ramification filtration on Ge- Indeed, by Theorem 13.121 we apply the formalism 
introduced in |And02| to define a filtration on the Tannakian group of Repg'^(GE). Hence Ge 
inherits the filtration. 

4. Arithmetic Swan conductor for rank one representations 

In rank one case the arithmetic Swan conductor as defined by K.Kato (cf. [Kat89j and Def. 14. 4p 
coincides with that one of A. Abbes and T.Saito (cf. |AS02| . |AS061 9.10]). In this section we recall 
Kato's definition of the Swan conductor of a rank one representation a : Ge — Q/Z and we describe 
completely Kato's filtration on H^(Ge,Q/Z): we will use this later in our study of rank one p-adic 
representations with finite local monodromy. Indeed, in section 14. 3^ we obtain the decomposition 
= l^ah ® G^''. This fact will allow us to define the arithmetic Swan conductor for rank one 
representations with finite local monodromy (cf. Def. I4.16P . 

Remark 4.1. In all the section [H k is an arbitrary field of characteristic p (we do not assume that 
k has a finite p-basis). 

4.1 Kato's arithmetic Swan conductor for rank one representations 

In |Kat89j K.Kato defined the Swan conductor of a character in H^(Ge, Q/Z) = Hom™°*(GE, Q/Z). 
He gave this definition by introducing a filtration on H^(Ge, Qp/Zp) (cf. section [4.1.2p . This filtration 
is defined as the image (via the Artin-Schreier-Witt sequence) of a filtration of CW(E). The filtration 
on CW(E) is nothing but that introduced in Section II. 4L corresponding to the canonical filtration 
of E (actually a graduation) induced by the valuation (cf . Section 11.4. ip . In this section we describe 
completely these filtrations, without any assumption on k (no finiteness of the p-base is required), 
and without using Kato's logarithmic differentials and differential Swan conductors. Almost all 
material of this section comes from |Pul07j . we reproduce it here for the convenience of the reader. 
What is new here is the relations of the results of |Pul07] with Kato's definitions. In section [5] one 
finds a link with the constructions of K.Kato. 

4.1.1 Kato's Filtration on Wm(E) and CW(E). Let i? be a ring, and let t; : i? ^ M U {oo} 
be a valuation on R (i.e. satisfying v{Q) = oo, v{\i + A2) ^ min(?;(Ai), f (A2)), and v{\i ■ A2) ^ 
v{Xi) + v{X2) ). The valuation v of R extends to a valuation, denoted again by v, on the ring of 
Witt vectors Ws{R) as follows: 

v{Xo, ...,\s) := min( p'v{Xo) , /-^t;(Ai) , . . . , v{Xs) ) . (4.1.1) 

The function v : Ws{R) — > M verifies v{0) = +00, ^(Ai + A2) ^ min(ti(Ai), f (A2)), and v{Xi ■ A2) ^ 
v{Xi) + v{X2), for all Ai, A2 G Ws{R). One has also f;(V(A)) = f (A), and, if R is an Fp-ring, then 
f (F(A)) = p ■ v{\). Hence v extends to a valuation 

u : CW(i?) ^ E U {+00} . (4.1.2) 

Definition 4.2 (Kato's filtration on Ws(E)). Let as usual E := k{{t)), and let v = vt he the t-adic 
valuation. The Kato's filtration on Ws(E) is defined as Fil_i(Ws(E)) := 0, and, for all d ^ 0, as: 

Filrf(W,(E)) := {A G W,(E) | viX) ^ -d} . (4.1.3) 

One has 

V( Fild(W,(E)) ) C Fild(W,+i(E)) , F( Fild(W,(E)) ) C Filprf(W,(E)) . (4.1.4) 
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Hence Kato's filtration on W5(E) passes to the limit and defines a filtration on CW(E). One has 
Fil_i(CW(E)) := and, for all d^O, one has 

Filrf(CW(E)) := {A G CW(E) | v{X) ^ -d) = |J Fild(W,(E)) . (4.1.5) 

4.1.2 Kato's Filtration on Yl^{G^,%/Zp) and H1(Ge,Q/Z). Let T := M/Z. The Pontriagyn 
dual of Ge is by definition the discrete abehan group Hom'^°°*(GE, T). Every proper closed subgroup 
of T is finite (cf. [RZOOt 2.9.1]). The image of a continuous morphism a : Ge — > T is then finite, 
and hence 

Hom™'^*(GE,T) = Hom™'^*(GE,Q/Z) = \J Hom(GE, {n-^Z)/Z) , (4.1.6) 

where Q/Z C T is considered with the discrete topology, so that every continuous character a G 
Hom'^°'^*(GE, Q/Z) has finite image in Q/Z. On the other hand, we recall that if A is a finite abelian 
group with trivial action of Ge, then H^(Ge,A) = Hom(GE,A) (cf. [Ser62t Vll, §3]), so we have 
H1(Ge,Q/Z) = Hom™°t(GE,Q/Z). 

Definition 4.3. The Kato's filtration on R^{GE,Qp/Zp) = Hom™'^*(GE, Qp/Zp) is defined as the 
image, under the morphism 6 of the Sequence (ll.3.3p . of the filtration on CW(E): 

Fild(Hi(GE,Qp/Zp)) := 5(Filrf(CW(E))) . (4.1.7) 

4.1.3 Arithmetic Swan conductor. 

Definition 4.4 (Arithmetic Swan conductor). Let a € Hom'^°°*(GE, Q/Z), the arithmetic Swan 
conductor of a (with respect to v = vt) is defined as 

sw(q) = min{ d^O \ ap e Fild(ii\GE, Qp/^p)) } , (4.1.8) 
where Op is the image of a under the projection 

Hom^°°*(GE,Q/Z) = iiom'°^\GE,Qe/^i) ^iiom'"^\GE,Qp/Zp) , (4.1.9) 

^=primo 

where the word "cont" means, as usual, that the images of the homomorphisms are finite (cf. 
Section 11X2]). We then define Kato's filtration on H1(Ge,Q/Z) = Hom=°''*(GE, Q/Z), by taking 
Filrf(H^(GE, Q/Z)) to be the inverse image of Filrf(Hi(GE,Qp/Zp)), via the morphism KTM . 

Remark 4.5. In section [431 we will generalize this definition to all rank one representations with 
finite local monodromy of Ge, i.e. characters a : Ge such that q(Zge) is finite. 

4.2 Description of H1(Ge, Qp/Zp) and computation of Fild(Hi(GE, Q/Z)) 

In this section we recall an explicit description of H^(Ge, Qp/Zp) that was obtained in |Pul071 Section 
3.2, and Lemma 4.1]. The proofs of the statements are in [Pul07| . In order to study Swan conductor, 
we are interested in Hom'^°°*(GE, Qp/Zp). The Artin-Schreier-Witt sequence (|1.3.3p describes the 
latter as 

Hom--(GE,Qp/Zp) = ^- _'^^Ycw(E) ■ ^'-'-'^ 

Now the F-module CW(E) admits the following decomposition in F-sub-Z-modules (cf. [PulOTl 
Lemma 3.4], cf. Section [1.2. ip : 

CW{k{{t))) = CW{t-^k[t~^]) e CW(A;) e CW{tk[[t]]) . (4.2.2) 
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Moreover, one proves that CW(t/c[[i]])/(F - 1){CW {tk[[t]])) = (cf. [PulOTl Prop.3.1]). Hence 

H (Ge, Qp/Z,) - (F_i)(cwrifcM)) (F-1)(CW(A:)) " (^-^-^^ 

We will see that this decomposition corresponds (via the Pontriagyn duality) to a decomposition of 
the p-primary part of into the wild inertia 'Pgab and the p-primary part of G^*^ = Gal{k^'^^ / k)^^ 
(cf. Proof of Proposition I4.11"|) . 

Since the Swan conductor of an element of (F_^)'(^w(fc)) ^° study CW{t^^k[t^^) 

(corresponding to the wild inertia of G|^, cf. Formula ()4.3.5p ). 

4.2.1 Description of CW {t^^ R[t^^]) . In this sub-section R denotes an arbitrary ring, Vp{d) 
denotes the p-adic valuation of d, and v = vt denotes the t-adic valuation on The 
decomposition (|4.2.2p holds also for -R[[t]][t"^]. 

Definition 4.6 (cf. jPulOTl Def.3.3]). Let d,n,m e N he such that d = np^ > 0, with (n,p) = 1. 
Let A := (Aq, . . . , A^) G Wm(i?). We set 

\.t-^ ■={... ^ 0, 0, 0, Aot"", Ait-"P, . . . , \mt-^) G CW{t-^R[t-^]) . (4.2.4) 

We call Xt~'^ the co-monomial of degree —d relative to A. We denote by C W'-^'^-* (i?) the subgroup 
of CW(4~^i2[t^^]) formed by co-monomials of degree —d. 

With the notation of Sections 03] and [JXH \i A = R[T-\ then one has for all d > 

C'W^-'^\r) = CW('^)(^) . (4.2.5) 

Proposition 4.7 ( |Pul07t Remark 3.3, Lemma 3.4]). Let d = np^ > 0, {n,p) = 1. The map 

W„(i?) ^ CW^-'^\r) (4.2.6) 

sending A G Wm{R) into Xt-'^ G CW(i?)(-'^) is an isomorphism of groups. Moreover, one has 

CW(t-ii?[t-i]) = ©rf>oCW(-'^)(i?) ^ ed>oW,^(rf)(i?) , (4.2.7) 

where Vp{d) is the p-adic valuation of d. In other words, every co-vector f^{t) G {t^^ R[t^^]) 
can be uniquely written as a finite sum 

/-(t)= J;A_rfr^ (4.2.8) 

with X d G W^^(rf) (R), for all d^O. □ 

This decomposition extends to CW [t^^ R[t^^]) the trivial decomposition t^^R[t^^] = (Bd>oR ■ 
t~'^. Moreover a co-vector f(t) G CW(i?[[t]][t^^]) can be uniquely written as a finite sum 

f{t) = ^-dt-"" + /o + /+(i) , (4.2.9) 

d>0 

with f+{t) G CW{tR[[t]]), fo G CW{R), A_d G W^^^d){R), for ah d > 0. We denote by /"(t) the 
co-vector J2d>o ^-dt^'^ G CW {t'^ R[t-^) . 

Corollary 4.8. The module CW {R[[t]][t^^]) is graded. Moreover for all d ^ 0, one has: 

FiU{cw{R[[t]][t-^])) = ei^d,^rfCw(-'^')(i?)ecw(i?)ecw(ti?[[t]]) , 



GTd{CW{R[[t]][t-'])) = Filrf/Fild_i 



CW^-'^\R) if d>0, 
CW{R[[t]]) if d = 0. 
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Proof. The proof results from Lemma 11.61 For all A € Wj,^((^)(ii), A 7^ 0, one has (cf. Def. ()4.1.ip ) 
vtiXt-'^) = -d. Hence a co-vector f{t) = T.dyo^-dt''^ + fo + /^(O ^ CW {R[[t]][t-^]) lies in 
Fi\d{CW{R[[t]][t-^])), d ^ 0, if and only if A.^' = 0, for all d' < -d. □ 

4.2.2 Action of Frobenius, and description o/H"'^(Ge, Qp/Zp). We want now to study the action 
of F on CW(E), in order to describe CW(E)/(F - 1)(CW(E)). 

One sees that F(A • t~'^) = VF(A) • t~'P'^, then one has the following commutative diagram, where 
the horizontal arrows are the isomorphisms (14. 2. 6^ : 



^v,id){k)—^CW'^-'^\k) c CW{t-^k[t-^]) 



(4.2.10) 



p=VF 







W,^(rf)+i(/c)^l^CW(-f'^)(A;) c CW {t~' k[t~^]) . 
The Frobenius F acts then on the family {CW^^'^\k)}ii^i, as indicated in the following picture: 



T 


T 


T 


T 


Tfv 












T 


T 


T 


T 


Tfv 


T 


T 


T 


T 


Tfv 



(4.2.11 

where d = np^ ^ 1, with {n,p) = 1, and m = Vp{d). Hence for all n ^ 1, {n,p) = 1, the subgroup 

Cn{k) := e„^oCW(-"f™)(A:) 
is an sub-F-module of CW(E), and 



CW {t-^k[t-'^]) _ ^ Cnik) 



/7N ^n\i^) 

(F - l){CW{t-^k[t-^)) (F - l)(C„(fc)) 



where 

One sees that 



Jp := {n G N I {n,p) = l,n ^ 1} . 



, = lim(CW(-"f'")(A;) ^ CW^-^P^^^'^k) ^ 
(F-l)(C„(/c)) ^0 



(4.2.12) 
(4.2.13) 



(*) 



lim(W„(A;)i^W„+i(A;)^...) = CW(A;) , 

m>0 



(4.2.14) 

(4.2.15) 
(4.2.16) 



where the isomorphism (*) is deduced by the isomorphism ()4.2.6p . 

Theorem 4.9. The following statements hold: 
i) One has: 



Hi(GE,Qp/Zp) 



(4.2.17) 



(F-1)(CW(E)) (F- 1)(CW(A;)) ' 

where CW(/c)('^p) is the direct sum of copies of C'W{k), indexed by Jp. 
ii) Ford = one has Filo(Hi(GE, Qp/Zp)) = CW(A;)/(F - 1)CW(A:), and ford^l one has (cf 

Fil,(Hi(GE,Qp/Zp)) = e„ej,(FiU„,,(CW(A;))) ^- , 
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Grd(Hi(GE,Qp/Zp)) 



^Md)(>')/P^vAd)ik) if d>0, 
^^(^^ if d = 0, 



{ (F-l)(CW(fc)) 

where mn,d '■= max{m ^ | np"^ ^ d}, and Vp{d) is the p-adic valuation of dH 
iii) The epinaorphism Proj^ : Grrf(CW(E)) — > Grrf(H^(GE, Qp/Zp)) corresponds via the isomor- 
phism ()4.2.6p and Corollary \4.8\ to the following: 

( W„^(rf)(/c) W„^(,)(A;)/pW,^(,)(fc) if d>0, 



iv) One has 



cw{k[m — jw^^ if d = o. 



(4.2.18) 



Fild(Hi(GE,Q/Z)) = Filrf(Hi(GE,Qp/Zp)) e (e^^p U\GE,Qi/I^e)) , (4.2.19) 

and 

' Grrf(Hi(GE,Qp/Zp)) if d>0, 

Gr,(Hi(GE,Q/Z)) = < 

^ Filo(Hi(GE,Qp/Zp)) (e^^pHi(GE,Q^/Z^)) if d = 0. 

(4.2.20) 

Proof. The theorem foUows immediately from the above computations. In particular from Corollary 
14.81 Expression (jl.2.ip . Section [4.2.21 Equation ()4.1.7p . and Definition 14. 3[ We observe that mn,d = 
n-n.d-i + 1 if and only if d = np'^"''', n G Jp. □ 

Corollary 4.10. Let X G Wm{k), and let n £ Jp. Let a~ := 5{X ■ t""^''"), where 5 is the Artin- 
Schreier-Witt morphism (cf (fTO) ). If A G p''Wm{k) - p^-^^Wm{k), then sw(a-) = np"'-''. □ 

4.2.3 Minimal Lifting. Let a G Hom'^°°*(GE, Qp/^p)- Let a := • oq be the decomposition 
given by Theorem 14.91 Then one can choose a lifting f[t) of a in C'W{k[t^^]) (i.e. 5{f) = a, cf. 
Sequence (fO^Il l of the form f |Pul07l Def. 3.6]): 

/(t)= A_„t-"^''"^"'+/o, (4.2.21) 

with /o G CW(A:), and with A_„ G W^(„)(A;) — pW^(„)(A:), for every n G Jp such that A_„ 7^ 0. 
Such a lifting of a will be called a minimal lifting, and a Witt co-vector of the form (j4.2.2ip will be 
called pure. In this case one has 

sw(a) = max( , max{ > | A_„, / } ) . (4.2.22) 

4.2.4 Representation ofWm{k)/p'Wm{k). Let {-u^j^gr be a (not necessarily finite) p-basis of 
k (over k^). We can write every element A G A; as A = ^sg/^ AgU-, where Ir ■= {s = (s^)^ G 
[0,p— 1]^ such that ^ for finitely many values of 7}. Let Jp := Ir — {(0, . . . , 0)}. We denote by 
k' the sub-Zc^- vector space of k with basis {u-}sei^ > that is the set of elements of k satisfying Aq = 0. 
Then an element of Wm(A;)/pWm(fc) admits a unique lifting in Wm{k) of the form (Aq, Ai, . . . , Am), 
satisfying Aq G k, Ai,...,Am G fc'. Hence an element of Wm(fc)/p Wm( A;) can be uniquely represented 
by a Witt vector in Wm{k) of this form. 

^We recall that Fil„(CW(fc)) ^ W„(fc) (cf. section [TO} . 
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4.3 Decomposition of G| 

The object of this section is the proof of Proposition 14.111 below. This fact was proved in |MS89j . 
The result is stated also in [Pul071 Remark 4.18] without any proof: here we will give a new proof 
using the framework we have just introduced. The reader must be cautious in reading |Pul07j to 
the fact that there is sometime a confusion between Xq^ and Xgab. Every statement of [Pul07| is 

correct, if one consider Tgab and "Pgab, instead of Xq^ and 'PQ^(cf. Remark l4.12p . The main tool to 
prove Proposition 14.111 is Theorem \'i.9\ and its proof. 

Proposition 4.11. Let as usual E = k{{t)). One has: 

Gi=I^..®Gt. (4.3.1) 

Proof. We can replace k with /c^'^''^. Indeed we have a canonical isomorphism 

Gal(A;P^''^((tF^P/A:P^'^f((t))) ^ Gal(A;((t))^<=P/A;((t))), (4.3.2) 
identifying Xcfep)) and Vc^^ft)) ^i*'^ ^G^,pe,f((jj and ^G^p^f^^.j) respectively. This is proved by including 

both k{{t)Y''P and kP""'^ {{t)Y''P in the t-adic completion kijfjfs of /c((t))^'s. On the right hand side 
of (j4.3.2p there is the logarithmic Abbes-Sato's filtration, while on the left hand side we have the 
classical filtration, as presented in [Ser62j . These two filtrations are not preserved by the above 
isomorphism, as proved by Theorem 14. 9[ We need now some lemmas (and we make a remark). 

Remark 4.12. We recall that if Ki C K2 C K-^ are Galois extensions of ultrametric complete valued 
fields with perfect residue fields ki C k2 C k^, then the map IcaiiKs/Ki) ~^ '^Ga\{K2/Ki) is always 
surjective. We recall also that if Kf^ (resp kf^) is the maximal abelian extension of Ki in K2 (resp. 
of ki in k2), then the residual field of Kf^ is kf^. Hence one has a surjective map Tq^ — > X^ab, 
which is usually not an isomorphism. 

Lemma 4.13. Let I, H be two subgroups of a given group G. Assume that I is normal in G, and 
that G is a semidirect product of 2 and H. Then G^*^ is a direct product of a quotient of 
with H^'^. 



Proof. Straightforward. □ 

Lemma 4.14. Assume that k is perfect. Let E*'^™'' be the maximal tamely ramified extension of E 
in E^^P. Then Ga^E^^^^VE) is a semi-direct product of JGai(Et--«/E)' ^^^^ Gfe = Gal{k'^P/k). 

Proof. Let E'^"'' C E*^™*^ be the maximal unramified extension of E in E**^p. It is known that E**^™*^ = 
U(Ar^p)=iE'^°''(t^/'^). In other words, every element x G E**^™^ can be written as x = X^^g^ aif'^^ , for 
some A^-th root t^^^ of t, with oi, . . . , a^-i G k', where k' /k is some finite Galois extension of k. 
Then via the isomorphism Gal(E™7E) ^ Gfc, Gfc acts on E*'^"^'^ by a{x) := E"=o Hence 



the sequence 

1 - XGai(E--/E) ^ GaKEt'^-VE) ^ Gfc ^ 1 (4.3.3) 

is splitting. □ 

Corollary 4.15. Assume that k is perfect. Let E*''™^'''^ := E*^""^ n E^''. Then 

Gal(E*'^™''''''^/E) = 2:Gai(Et™c,ab/E) X Gl^ . (4.3.4) 

Proof. Apply Lemmas 14.131 and 14.141 □ 
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Continuation of the proof of Proposition \4-ll\ ' Let P (resp. P^) be the j>-primary subgroup of 
(resp. G^*^). By the classical properties of p-primary subgroups, P and Pfc are direct factors of 
and G^''. One has the exact sequence: 

^ P^ab ^ P ^ Pfc ^ . (4.3.5) 

By the Artin-Schreier-Witt theory, one has canonical identifications of Hom™'^*(P, Qp/Zp) with 
CW(E)/(F - 1)(CW(E)), and Hom=°°*(Pfc, Qp/Zp) = CW(A:)/(F - 1)(CW(A;)). On the other 
hand, one has the exact sequence 

^ CW{t-^k[t-^]) ^ CW(E) ^ CW(fc) ^ 
(F- l)(CW(t-iA:[t-i])) (F-1)(CW(E)) (F - 1)(CW(A:)) ' 

Hence, by Pontriagyn duality, Hom™'^*(PQab, Qp/Zp) is canonically identified to (F_^)'(^^4^(^~^ifcJ~i])) • 
Since the sequence (|4.3.6p splits, then the sequence (|4.3.5p splits too. 

Since P is the p-primary part of G|'', then G|^ ^ P (G|''/P). By Corollary SH] one finds 

G^/P = Gal(E*'^™''''^'^/E)/ (P/P(-,ab) = (2^Gal(Et™<=>=ib/E) ^^G^*^)/ (P/^G|b) — ^Gal(Et™<=>=ib/E) ^ i^f/^k)- 

Indeed IQ^^Et^.n.o,^.h /g) = (I^jab /VQ.h). This shows that Gl*^ = Pfc V^^.h {I(..b /VQ^b) (Gf /P^). 

^''EE EEE 

□ 



4.4 Definition of arithmetic Swan conductor for rank one representations with finite 
local monodromy 

Since 

G|^ - 7^G|'^0(XGab/PG|'^)0Gf , (4.4.1) 

then every rank one representation with finite local monodromy a : Ge — > C^, V(a) G Rep^" (Ge) 
is a product of three characters: 

a = a„iid • atame • Q-k , (4.4.2) 
where (resp. Otame) ctwHd) is equal to 1 on ^Qab (resp. -Pc-b ® , (Zcab/T'cab) Gf). In term 

E E EE 

of representations, this is equivalent to the expression of V(a) as a tensor product: 

V(a) = V(a„iid) V(atame) V(afc) . (4.4.3) 

Definition 4.16 (Swan conductor of a rank one representation with finite local monodromy). Let 
V(a) € Rep^^(GE) be a rank one representation with finite local monodromy. Let n be the greatest 
number such that Ijl^{Ok) = l^-ni^^^^)^ ^^'^ 

^ : Z/nZ ^ /z„(Ox) (4.4.4) 
be a fixed identification. We define the Swan conductor, sw(V(a)), of a as 

sw(V(a)) = sw(V'""^ o (a^iid • Otamc)) , (4.4.5) 

where, in the right hand side, we mean the Kato's definition of the character t/j^'^ o (a^iid ■ cttame) : 
Ge — >Z/nZc Q/Z (cf. Def. [OH . 

The above definition does not depend on the choice of ip. Indeed if ip' : Z/nZ ^ /i„(0^) 
is another choice, there exists € Z, with {N,n) = 1, such that ip' = (N-) o -i/;, where (A^-) : 
Z/nZ — > Z/?iZ is the multiplication by N. Let (3 := tp ^ o (a„iid ■ CKtamc 

), and /3' := {N-) o [3 = 

o (owiid • Otame)- If n is prime to p, then (3{Vq^) = j3'{VQ^) = {0} in 'L/n'L. Hence the Swan 
conductor is equal to in both cases (cf. Section [4 . 4 . 1 1 b elow) . If n is not prime to p, let 'L/p^'^^'L 
be the p-primary part of 'L/n'L. In this case N is prime to p: then the multiplication by N preserves 
Kato's filtration, it implies that the Swan conductors of j3 and (3' = {N-) o (3 are equal. 
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4.4.1 Vanishing of residual and tame arithmetic Swan conductors. Definition 14.161 agrees with 
Definition 14.41 more precisely the Swan conductors of and atamc are always equal to 0. 
Indeed Def. 14.161 and Def. 14.41 coincide for atamej and, by Theorem 14.91 sw(atame) = 0. Moreover, 
if the image of Ok is finite in O^, then, by Theorem 14.91 one has sw(afc) = 0, and this agrees with 
Definition 14.161 For all characters a : Ge O^' '^i^h V(a) S Rep0^(GE), one has 

sw(a;) = sw(awiid) • (4.4.6) 

Remark 4.17. One sees that sw(Vi (g) V2) ^ max(sw(Vi), sw(V2)), for all Vi,V2 G Rep£f^.(GE). 
Moreover equality holds if sw(Vi) / sw(V2) 

5. Kato's refined Swan conductor 

Let E be, as usual, a complete discrete valued field of characteristic p, with residue field k. We fix 
a uniformizer t £ Oe and an isomorphism Oe = We identify k with its image in Oe via that 
isomorphism. As usual for all Fp-ring R we set fijj := Q^^^j^p. 

In |Kat89j K.Kato was able to introduce a filtration on and then a family of submodules of 
the d-th graded BGr^^ilg C Gr^ri^, d ^ 0. In such a way he was able to define an isomorphism, for 
all d^O: 

xPd : GvaR\GE,Q/Z) ^BGvdni c Gr^f]^ , (5.0.7) 

associating in this way to a character a 1-differential class. Whereas the arithmetic Swan conductor 
sw(a) of a character a G H^(Ge, Q/^) is the smallest integer d ^ 0, such that a G FilrfH^(GE, Q/^) 
(cf. Def. 14. 4p . the so called "refined Swan conductor" of a is the image of the class of a by the 
morphism: 

: Gr,„(„)H^(GE, Q/Z) — ^ Gr^^f^jQ^ . (5.0.8) 
The refined Swan conductor of a is defined only if sw(a) > 0, we denote it by rsw(a). 

In this section we interpret the refined Swan conductor, and the isomorphisms ipdS, in term of 
our isomorphism GrdHi(GE, Q/Z) = W^^(^d){k)/p ■W^^(^d){k), if d > 0, (cf. Theorem SSI) : hence we 
explicitly associate a differential to a Witt vector on ^vp{d)ik)- 

We improve the explicit description recently obtained by A. Abbes and T.Saito. We first recall 
the definition of ipd and the work of Abbes-Saito for the convenience of the reader (cf. Section [5. ip . 
Then we apply our description to that context (cf . Section 15. 2p . Notations and settings come from 
|AS06j . In this section, according to |AS06j . we assume that k has a finite p-basis {ui, . . . , Ur}. 

5.1 Definition of Kato's refined Swan conductor and Abbes-Saito's computations. 

5.1.1 Kato's Filtration of fl^. We refer to [AS061 5.4] for the formal definition of r2^pj(log). 
Considering the trivialization E = k{(t)), this is nothing but 

^Ipjilog) = (©Li^W • dui) © kltj ■ dlogit) C (©LiE • du,) © E • dlog(t) ^ ni , (5.1.1) 

where dlog{t) := dt/t G 0,^. For all fi ^ 0, one sets 

Fil,^7l5:=^-^.o^^,J(log) , nUiog) :=nl^,^{iog)^,^qk . (5.1.2) 

For d > 0, the graded admits then the following trivialization 

GrrfJl^ ^ (©Li^ • t^'^ ■ dui^ ®k-t~'^ ■ d\og{t) = t''^ ■ Jlfc(log) . (5.1.3) 
In particular fig is graded: = (Bd^oGid{^^- 
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5.1.2 Kato's isomorphism tpii. We recall that, by |AS061 10.7], for all s ^ 0, d > 0, there exists 
a unique group morphism i/^^.d making the following diagram commutative 

Gr,W,(E) '''^^^^"^ ^ Gvdin},) (5.1.4) 

Ws 

Grrf(Hi(GE,W+iZ)) 

where 5 : Ws{E) H1(Ge, Z/p^+^Z) is the Artin-Schreier-Witt morphism (cf. ([02])), and F'd : 
Ws{E) n^, is given by 

s 

F^d(/o, ...,/,)= /f "dlogU) . (5.1.5) 

i=0 

By [AS061 10.8], the family of maps {ips,d}s^o is compatible with the inclusions j : H^(Ge, l^j-p^TL) — > 
H1(Ge,Z/p^+1Z) (cf. ([1321)). We have hence a map: 

i^d : Grrf(Hi(GE, Qp/Zp)) ^ Grrf(O^) . (5.1.6) 

5.1.3 The groups B^^^^ and BGr^(r2g). For each g ^ we denote by 

Z'^ni = Ker{d : ^ f]^+^) , B^VlI = lm{d : Q^"^ ^ 0^) , H'?(J7^) = Z-^O^/B^O^ (5.1.7) 
We denote the inverse Cartier isomorphism (cf. |Car581 Ch2, Section 6]) by 

c-i : nl ^ W{ni) (5.1.8) 

where C : Z'^Q* is the Cartier operation. For r ^ we introduce subgroups (cf. [111791 2.2.2]) 

B^nl c Zrn^l c nl (5.1.9) 

where Bq^^ = 0, BiQ^ = B^^l (resp. ZqO^ = Ql, Zi^l = Z^fi'), and inductively Bm+i^l 
(resp. Zm+i^^fc) is the inverse image in Z'^Q,', under the canonical projection Z'^Q' — > H''(il*), of 
C-^{Bm^l) C B'i{Ql) (resp. C-i(Z^f]^) C H9(J1')). They respect the following inclusions 

= Bo^l C • • • C B^nl C B^+ifll C • • • C Z„+if)^ C Z^^l C • • • C ZqJ^^ = . (5.1.10) 

By definition C(Zm+iJ^^,) = Z„i^\ and C(Bm+iil^) = Bmil^, we denote by C™ : Zm^\ — > the 
m-th iteration of the Cartier operation (C'^ := Id^?). 

Definition 5.1 ( |AS06l 10.11]). Let as usual d = np^ > 0, (n,p) = 1, m = Vp{d). We denote by 
BGrrfil^ C Gid^E the sub group formed by elements of the form t '^{a + /? • dlog{t)) (cf. Formula 
([5X3]) ). with a e B^+i^?!, /3 e Z^Q0(= Z^A; = Ai^") satisfying nC™(a) + do C"(/3) = 0. 

Remark 5.2. Notice that if /? = a*'™, a e k, then C'"(/?) = = a. In particular, for m = 0, and 
(n,p) = 1, one finds BGr„J^i, = {r"(d(x) - n-x- dlog{t)) | x G A;} C t"" • J^^(log) ^ Gr^f)!,. 

5.1.4 Abbes-Saito's explicit description of BGvd^^. Let {ni,...,nr} be a p-basis of k (over 
Fp). Let := [0,p - If C N^ and I', := I,. - {(0, ...,0)}. For s := {si,...,Sr) G Ir, we set 
u- := ul^ • ■ ■ up' . Every A of fc can be uniquely written as A = X^se/r ^s. ' with A^ G k^. Hence 
d{X) = J2ser ^s-u-- dlog{u-) G 0^, where, as usual, dlog{u-) = X][=i ' dui/ui. For j ^ 0, we set 

dp. (A) := 5] A|^ • {u^y ■ d\og{u^) . (5.1.11) 

s£l',. 

Since 0^ is freely generated by dui/ui, . . . ,dur/ur, then, by assuming Aq = 0, dFj(A) determines 
A. We denote by k' C k, the sub-/c^'-vector space of k with basis {u-}sei^, i-e. whose elements 
A = XlsG/r ^sU-, As G k^, satisfy Aq = 0. 
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Proposition 5.3. ( IAS061 10.12]) Let d = np^ > 0, (n,p) = 1, m = Vp{d). Every element yd of 
BGrrf(r2g) can he uniquely written as 



yd = t-''-i^Xf~ d{Xo)-nXfdlog{t)+ ^ dF^-.(A,)) G t-^ ■QUlog) ^ BGidin},) , (5.1.12) 

with unique choice of Xi,...,Xm G k' , and Aq G A:. We wiii write yd = yd{Xo, Xi, . . . , Xm)- It is 
understood that, if m = 0, this sum reduces to yd = t~'^ ■ (d(Ao) — nXodlog{t)) (cf. Remark \5.2\) . □ 

Remark 5.4. The reader should notice the analogy with Section [4. 2. 4[ 

In [AS06j one proves the following description of il^d (or better its inverse pd) by means of the 
group BGrd(f7^) (cf. [XSM 10.13]). 

Proposition 5.5 ( |AS061 10.14]). For all d> 0, d = the image of il^d is BGid^E- 

Pd : BGvdini) ^ Gvd{R\GE,Qp/^p)) (5-1.13) 

he the inverse of tpd- Let Xq G k, Xi, . . . , Xy^i^d)-i ^ ^' and let yd(Ao, Ai, . . . , X^^(^d)) be the element 
(|5.1.12p of BGvdi^E)- j = 1) • • • ) Vp{d) write Xj = I]^^// Xj^sU-. Then yd{Xo, Ai, . . . , X^^(^d)) is 
sent, hy pd into 



Pd{yd{Xo,Xi,...,X,^(^d))) =prd(^.,(d)(AoO+ Yl ^Kidyji^st-'"'')) , (5.1.14) 

where : E — > H"'^(Ge, Qp/Zp) is the composite of the j-th Teichmiiller map f i— > (/, 0, . . . ,0) G 
Wj(E) with the Artin-Schreier-Witt morphism 6 : Wj{E) H1(Ge, Z/p^+^Z) C Hi(GE,Qp/Zp) 
(cf. (|1.3.2p )■ and pr^ is the canonical projection of into Gid(ii^). Q 

5.2 Explicit description of t/jd in terms of Witt co-vectors. 

The following Theorem improves the description given by proposition 15.51 



Theorem 5.6. Let d > 0, d = np^, m = Vp{d). Let 

■■ WM<i)ik)/pV^Md)ik) Grrf(Hi(GE,Q/Z)) (5.2.1) 
he the isomorphism of Theorem 14.91 Tiien the composite map 

i^do'Sd-. ^Md) ik)/pW,^^d) (k) ^ BGidini) (5.2.2) 

is given hy 

iJd o 5rf(Ao, . . . , A,^(,)) = t-^ . {-nxC' d\og{t) + Yl ■ '^log(Aj)) ' (5-2-3) 

0<ij<ivp{d) 

where we represent every element ofWy ^d) (k) /pW^ (^) (k) by a unique Witt vector (Aq, • • • , A^, (d)) ^ 

^Vp{d){k) satisfying Xq G k, Ai, . . . , A^p(rf) G k' , as in Section \4.2.4\ Moreover every element of 
BGidi^E) '^^^ b^ uniquely written as 

t-'^ ■ [-nXC'"' dlog{t) + Y ^r'"''' dlogiX,)) , (5.2.4) 

O^j^Vpid) 

with unique Aq G A; and Ai, . . . , A„^(^) G k' (cf. Section \4.2.4\) . 

Proof. Passing to the limit (with respect to s) of the Diagram ()5.1.4p . since F^^^d o V = F^d, we 
define 

F°°d = lim F'd : CW(E) Q]^ . (5.2.5) 

s— >oo 
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We obtain = grrf(5) o gr(F°°d), where gr^{6) : Grrf(CW(E)) ^ Grrf(Hi(GE, Qp/Zp)). Since 
CW(E) is graded with the d-th graded CW(""')(fc) (cf. Corollary SS]) , the map gr(F°°(i) (resp. 
gr^((5)) is nothing but the restriction of F°°d (resp. 5) to the subgroup CW^~^\k). 

The elements of CW^"'*) (k) have the form Xat''^ = (..., 0, 0, Aot~", . . . , A^r'^P'"), with := 
(Ao, . . . , Am) € Wm{k). One easily sees that (cf. (jS.l.Sp ) 

F°°(Arft-'^)= ^ (Ajt-"P'f'""'dlog(Ajr"f') = r'^- ( \fdlog{Xjt-''P')y (5.2.6) 

This proves the first assertion. To conclude we observe that the diagram 

Wm{k)/pWm{k) BGidi^i) (5.2.7) 




Grd(Hi(GE,Qp/Zp)) 

implies that the map ipd ° ^ '■ Wm(fc)/pWm(A;) Gvdi^j?^) is injective with image BGrd(J7g). 
By section [4.2.41 everv element of Wm(fe)/pWm(A;) can be uniquely represented by a Witt vector 
(Ao, . . . , Am) G Wm(A;) satisfying Aq G k, Ai, . . . , Am £ A^'- This concludes the proof. □ 



6. Explicit computation of Fontaine's functor in rank one case 

In this section we compute the {(f>, V)-module D^(V(a)) (cf. Section [3121) for rank one representations 
with finite local monodromy. Following Section [4.31 we decompose a general character a : Ge — 
into a = Owiid ■ Otame " CKfc. We study then separately the residual case, the tame case, and the wild 
case. 



6.1 The residual case 

Let Ok ■ Ge be a rank one representation with finite local monodromy such that a^li = 

1. One sees, directly from the definition of the functor (cf. Section l3.2p . that the (99, V)-module 
D := D^(V(afc)) is trivialized by some unramified extension of Ol. In other words, D comes from a 
{ip, V)-module over by scalar extension. Let eo be basis of such a lattice, then 

0°(eD) = 0{u)-eB, 

VD(eD) = 0, (6.1.1) 
V°(eD) = gkiu)-eB, 

where u := {ui, . . . , Ur), and 0{u),gk{u) G Ol- 

Remark 6.1. If the image of Ok is finite, it is actually possible, by using the theorem [Pul07l Th.2.8], 
to express 9{u) as value at T = 1 of a certain overconvergent function, but this is not necessary for 
our purposes. 

6.2 The tamely ramified case 

Let atame : Ge ^ be a character, with V(atamc) G ^^p^^XGe), such that atamelp ^ffiG^'' = ^ 

(in the decomposition (j4.4.ip ). One has atame (Ge) = fJ-N ^ some {N,p) = 1. In particular 

A*Ar(Fp^^) C ¥q C k. By Kummer theory, the kernel of atame defines an extension of k{{t)) of the 
type k(it^/^))/E (i.e. Ker(atamc) = Gal{E'"'P /k{{t^/^)))). This is the smallest extension trivializing 
V(atame), and the action of Ge on t^^^ is given by 

7(i'/'^) = atame(7) " t'^'' , for all 7 G Ge . (6.2.1) 
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Then the unramified extension of O^t corresponding to k{{t^/^))/k{{t)) is given by 



Oct /O.t , (6.2.2) 

where the notation indicates the variable of the rings as in |Tsu98bj . The inclusion O^t C O^t 
is given by sending T into (J"i/^)^. Let ey G V(a) be a basis in which Ge acts as 

7(ev) = atamc(7) ' ey , for all 7 G Ge . (6.2.3) 
This shows that a basis of D := D"l'(V(a)) = (V(a) ®Ok 0~)^^ is given by 

ec := ev ® T-^/^ . (6.2.4) 

Indeed, for aU 7 G Ge, one has 7(60) = 7(ev) ® 7(T~i/^) = atame(7)ev ax.a.rae{lT^T^^/^ = en. 
In this basis the action of (/> and V are given by 

</>D(eD) = Td-^V^-eo, 

V?(eD) = -ir-i-eo, (6.2.5) 
V°(eD) = 0. 

In particular, the solution of this differential equation is T~^^^ , which is simultaneously the Kummer 

•t 

L 



generator of the smallest extension of Sl trivializing V(atame)- 



6.3 The wild ramified case 

To compute D^(V(a„iid)) we need to know a Kummer generator of the smallest unramified extension 
of ifj^ trivializing D^(V(Q;„iid)). Iii the tame case (cf. section [6^2]) . the Kummer generator was T~^^^ , 
and it was at the same time the solution of the differential equation. In the wild case, the good 
Kummer generator will be a so called tv -exponential, and it will be at the same time the solution of 
the differential equation defined by Dt(V(awiid)) too. 

All results and proofs of this section come from |Pul07] . We outline briefly the contents of [Pul07l 
Sections 2.3.1, 3.1, 3.2], and in Section [6.3.21 we adapt |Pul07[ Section 4.6] to our context. 

6.3.1 TV -exponentials. Let <3{X,Y) £ Zp[[X, y]] be a Lubin-Tate formal group law isomorphic 
(but not necessarily equal) to Gm- Let tt := (vrm)-m^o be a fixed generator of the Tate module of <5. 
In other words, {TTmjm C Qp^ verifies b]©(^o) = 0, ttq / 0, |7ro| < 1, and [p]&{iTm+i) = TTm, for all 
m ^ 0, where [p]©(X) G Zp[[X]] is the multiplication by p in &. 

Definition 6.2 ( |Pul07l Def.3.1]). Let /"(T) = (• • • , 0, 0, 0, /o"(r), . . . , /"(T)) be an element of 
CW{T^^Ol[T~^]). We call tt— exponential relative to f~{T) the following power series in T~^: 

epoo(/-(r), 1) := exp(7r„0o (T) + vr^.i^li^ + • . . + ^0^^) , (6.3.1) 

where (pjC^) '■= Si=oP^ ' fkO^)^ ^ T^^Ol[T^^] is the j-th phantom component of the Witt 
vector (/o-(r), . . . , /"(T)) G W^{T-^Ol[T-^]). 

Proposition 6.3. Let Lm := L{TTm), and let L^o ■= Um^oL{7:m)- Then: 

i) One has 

ep^((--- ,0,0,0,/o-(T),...,/-(T)),l) G 1 + 7rmT-'OLj[T-']] . (6.3.2) 

ii) The map f {T) 1— > epoo(/~(T), 1) is a group homomorphism 

CW {T-'Ol[T-']) > \J 1 + T-'OlJ[T-']] C 1 + T-'OlJ[T-']]. (6.3.3) 

m^O 
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In particular, for every f^{T), the power series epoo(/~(T), 1) converges at least for \T\ > 1. 
iii) The power series epoa(^f~ (T),l) is over-convergent (i.e. converges for \T\ > 1—e, for some e > 0) 
if and only if the reduction f~{T) lies in (F — 1){CW {t~^k[t~^])) (i.e. the Artin-Schreier-Witt 
character 5(f~{T)) defined by f~{T) via the Equation (jl.3.3p is equal to 0). 

Proof. See |Pul07[ Th.3.2 and Section 3.2]. □ 



6.3.2 The function Bpoo (f (T),l) as explicit Kummer generator. Let Qwiid • 
)0^(Ge), be a cha 

ticular, observe that 



Rep0^(GE), be a character such that a„iid|(x ^^/-p ^b)eG=''^ = 1 in the decomposition ()4.4.ip . In par- 



Qab ; — /Xpm+i ^ v^j^ , 

for some m ^ 0. 



oimidCPQ^h) = /X m+i c , (6.3.4) 



Remark 6.4. Observe that, since we assume that (5 — > Gm, it follows by Lubin-Tate theory that 



H„m+i C if and only if ttq, . . . , iTm £ Ok 



Definition 6.5. Let ^pm '■ ^ Upm+i be the isomorphism sending 1 into the unique 

primitive p'""^^-th root of unity satisfying: 

\T^m - i^pr^ - 1)\ < M = IpI^"^ . (6.3.5) 

Let F/E be the cyclic extension of degree defined by (ip^^ o a^iid) (i-e- Ker('0m^ ° Owiid) = 

Ga^E'^^P/F), cf. Section [L3ll . and let T'^ IE\ be the cyclic unramified extension whose residue field 
is F/E. 

Proposition 6.6. LetJ^(t) = (• • • ,0,0,0,7o^(t), ... ,/„(*)) G CW (t-'^k[t-^]) he a co-vector of 
length m[f| defining ip^ o Owiid (i-G. 6{f~(t)) = (ip^ o a^iid) j'-^i sequence (jl.3.3p ). Let f~{T) = 
(• • • ,0,0,0,/o"(T), . . .J-{T)) G CW {T-^Ol[T-^]) be a lifting ofJ^(t) of length m. Then: 

i) e,^(/-(r),l)P'"^^ GO^; 

ii) epoo(/~(T), 1) is a Kummer generator of T'^ jE^: 



= 4(ep^(r(r),l)); (6.3.6) 

iii) For all 7 G Ge ^ G&\(£l/£l) (cf Equation (fSXID ). one Las 

7(ep-(/-(r),l)) = awiid(7)"'-ep-(/~(r),l) . (6.3.7) 

Proof. See |Pul071 Section 2.3]. Observe that in |Pul071 Section 2.3] the author was working in 
a more general context, and for this reason he used a function called ^^6ps[v,iy\ which actually 
coincides with epoo(/^(T), 1) modulo a p'"+-'^-th root of unity (cf. [Pul071 Equation (3.1)]). □ 

We can now proceed as in the tame case (cf. Section [6]2]). We preserve the notation of proposition 
16.61 Let ev G V(awiid) be a basis in which Ge acts as 

7(ev) = a„iid(7) • ey , for all 7 G Ge • (6.3.8) 

>wiid) ®Ok 0~^)^^ is given by 

eo := ev®ep^(/-(T),l) . (6.3.9) 

''For example one can take f'^{t) as a minimal lifting of QwIM (cf. Section [4]2]3]). 
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Indeed, for all 7 E Ge, one has 

7(60) = 7(ev) <»7(ep°°(/"(r),l)) = awiid(7)ev «) awiid(7)~"^ep™(/"(r), 1) = . (6.3.10) 

6.3.3 We compute now the action of (jP and V^. In the basis eo (cf. (|6.3.9p ). the function 
Cpoo (/~(T), 1) is the Taylor solution at 00 of the V-module underlying D^(V(awiid))- We recall 
that f^{T) = f^{u,T) = {/q {u,T), . . . , f~{u,T)) has coefficients which depend also on u = 
{ui, . . . , Ur). In the basis cd the action of (p and V are given by 

V?(eD) = 5(J_(ni,...,u,.,r) -eD , (6.3.11) 



where: 



V(r(M,T),l) :=ep™(^(/-(u,r))-/-(w,r),l) (6.3.12) 



dT VV^j 



(07(r)) 



j=0 k=Q Jk\i^^^) 



(6.3.13) 



m d 



c/^_(ui, . . . ,Mr,r) := ^ 



"^ra—j 



j=0 ^ 



(6.3.14) 



j=0 k=0 

where acts on CW{T^^Ol[T^^) coefficient by coefficient. Observe that we have chosen ip{T) 
TP e Ol[T] (cf. Def. [TTOD . Observe also that Equations (|6.3.13|) and (16.3. 14|) are obtained by 

cing the logar 

^(ep^{/-(T),l)) 



taking the logarithmic derivative of the Definition (16.3.11) as = — _,' — , and _ 

^ ^ epOc{f (T),l) ' ^/ 



ej,oo(/-(T),l) 

connection. 



-. In other words the knowledge of the solution leads to recover the matrix of the 



Since we have chosen ipm satisfying Equation (I6.3.5p . hence this construction does not depend 
on the choice of tt := {iTm)m^o- 

7. Comparison between arithmetic and differential Swan conductors 

The object of this section is to proving the following 

Theorem 7.1. Let V S Rep0^(GE), be a rank one representation. Then: 

sw(V) = sw^(D^(V)) , (7.0.15) 

where sw(V) is the arithmetic Swan conductor (cf. Def. \4.4\ and Def. I4.J6|) . and sw^(D^(V)) is 
the differential Swan conductor of D^(V) S (i?^, V) — Mod(C'^t I Ok), considered as an object of 
V - Mod(7^L/^^) (cf Def [TTB . 
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7.1 A Small Radius Lemma 

In this section we prove that if T(M,p) is "small" (see Definition 13. 7p . then we are able to link 
r(M, p) to the valuation of the coefficients of the equation. The following "Small Radius Lemma" 
generalizes the analogous result |CM02l 6.2 and 6.4], [You92j . 

Lemma 7.2 (Small Radius). Let Mp he a rank one V -module over Th,p- For i = 0, . . . ,r let g^^ € ^L,p 
be the matrix of (Vj^)" (resp. if i = 0, g^^ is the matrix of (V^?)"). Write (cf. Lemma \1.13\) : 



to 



LemryT4rT3\\d/dT\jr^ ^^Sp _ \d/ dui\jr^^^^Sp 



def 



\d/dT\:FL,, \d/dui\ri^^^ 

\d/ dT\ jr^^^^Sp \d/dui\jr^^^^sp 



mm 



\d/dur\jr^^^ 

\d/dUr\jr^_^^Sp 



IP \9i\p 
Then: 

(1) T{M,p) ^ min(w , um{p) )■ 

(2) The following conditions are equivalent: 

(a) r(M,p) < u;; 

(b) ujuip) < 

(c) \g^\p > p^^, or \g\\p > 1 for some i G {1, . . . , r}. 

(3) If one of the equivalent conditions of point (2) is verified, then one has 

r(M,p) =minf i^^^ 



UJ 



\9i\p ' blip ' ' \al\p 

Proof. By Lemma [TTT3| one has oj = ^^^y'^^^''"^'' = ^'^d/dj,^^''"^'' ' i = 1, , 

that (6) <^ (c). We prove now (1). The matrices g\^ verify the inductive relations fl'n+i 



(7.L1) 



, r. This proves 
d/dT{gl) + 

9n -9i, and g^^^^ = d/dui{g'J + g]^ ■ g\. By induction, one has \g^\p ^ max(|d/(ir|^^^, bilp)", and 
\gn\p ^ max(|(i/duj|jp^ Ifi'ilp)'^. This proves that 

1 1 



[liminf ^ min 

[liminf ^^"] ^ min 



\d/dT\r,^;\gl\p 
1 1 



mm I p 



mini 1 



151 \p 



\9\\-p' 



(7.L2) 
(7.L3) 



■\d/dui\ri^^^' \9\\p' 

Hence, by formula (j3.3.6p . the point (1) holds. Moreover, the same computation proves the 
following sub-lemma: 

Lemma 7.3. The following conditions are equivalent : 
(c') blip > P'^ (resp. \g\\p > I) , 



(a') [liminfn |5(°|p^^"] < p (resp. [liminf„ |5^|p ^'''''] < 1) . 

□ 

Continuation of the proof of Lemma \ 7.S\ By using again Formula (|3.3.6p . Lemma 17.31 proves 
that (c) implies (a), and that the point (3) holds. Clearly, by assertion (1), condition (a) implies 
UJ > T{M,p) ^ min(w, a;M(p))5 hence (b) holds. □ 

Lemma 7.4. Let M he a solvable rank one V -module over Al(\Q, ![)• For i = 1, . . . ,r, let g\ E 
Al{]0,^[) be the matrix of Vj^ (resp. if i = 0, g^ is the matrix of V^j. Assume that, for all 
i = 0, 1, . . . , r, the matrix g\ is of the form 



l/ni 



9l 



afT^ eAL{]0,l[) 



with a^t / 0. 



(7.L4) 
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Assume moreover that no, ni, . . . ,nr < +00 satisfy uq ^ 2, or ^ 1, for some i = 1, . . . , r. Then: 

i) I ^ for all i = 0, . . . , r; 

ii) For p sufficiently close to 0, one has 



T{M,p) 



id ■ mm 

i=l ? 



a 



(0) 1-1 . ^no-l 



iii) If I a 



w for some i = 0, . . . , r, tiien equation (17.1. 5p holds for all p €]0, 1[, and 



sw^(M) = max{ eo(no — 1) , eiui 



(7.1.5) 



(7.1.6) 



where e,; = if la 



(0 



< oj, and ei = 1 if la 



Proof. By assumption, lim^^j^- T(M, /?) = 1. Moreover we know that r(M, p) is continuous and 
log-concave. We have then only two possibilities: T(M, p) = 1 for all p g]0, 1[, or there exists /? > 
such that r(M,p) ^ for all p €]0, 1[. In the first case, T(M,p) = l> uj, for all p < 1. Hence by 
the Small Radius Lemma 17.21 we have l^ilp ^ and \gi\p ^ 1, for all « = 1, . . . , r, and for all 
p g]0, 1[. This contradicts our assumptions. Indeed if p is close to zero, one has l^^p 



-rii I 



for alH = 0, . . . , r, and the assumption max(^, ni, . . . , n^) ^ 1 implies that, for p close to 0, one 
has l^fj'lp > p~^ > 1, or that \g\\p > 1, for some i = 1, . . . ,r. 

Hence we are in the second case: r(M,p) ^ p^, for all p < 1, where /? = sw^(M) (This follows 
from Definition 13.141 and the fact that T(M, p) is log-concave). Since /3 > 0, if p is sufficiently 
close to 0, one has r(M, p) ^ p^ < uJ- So Small Radius Lemma 17.21 applies, and T(M, p) = uj ■ 

minj=i r( -^-mi — , ) ■ Now, since lim„^;^- r(M, p) = 1, and since the function p 1— > r(M, p) is 

log-concave, its log-slope at 0+ is greater than its log-slope at 1~ (i.e. /3 = sw^(M)). Hence one has 
the inequality 

mm — — — = lim oj ■ min ( — 77:^ — , — ) ^ lim r(M, p) = 1 , (7.1-7) 



j=o,. 



OJ 

7^ 



i=l, 



as in the following picture: 



log(mini((^/|a!^^. |)); 


log{T{M,p)) 


^ p 


log(p) 




sw^(M) = 13 
log(i^) 


1 small radius J, rX 


T(M,p) 


= UJ ■ mini=i_...... 1 - 



a"" 1' 

-no' ' -1, 



. (i) . [i) 

This implies 1 ^ oj, for all i = 0, . . . , r. Moreover if |a_^, | = uj, for some i = 0, . . . , r, then this 



graphic is a line, and assertion iii) holds. 



□ 



7.2 Proof of theorem 17.11 

Let V(a) € Rep0^(GE). As usual, we decompose a = a^iid ■ Otame • Ofc (cf. Equation ()4.4.2p ). By 
Section 14.4.11 in both residual and tame cases the arithmetic Swan conductor is equal to zero. On 
the other hand, we have the following: 
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Lemma 7.5. The differential Swan conductors ofD^{Y{ak)) and D"'"(V(atame)) are equal to 0. More 
precisely there exist bases ofD'^(V{ak)) and D^^(V(atame)) in which the connections are defined over 
Al{]0,1[) and r(Dt(V(afc)),p) = r(Dt(V(atamc)), p) = 1, for all p g]0,1[. 

Proof. Let Djt := D^{Y{ak)) and Dtame := D'^(V(atame))- By equations (j6.1.ip . since the matrices 
of V^* and Vj^'= belongs to Ol, hence r(Dfc,p) does not depend on p, and its log-slope is equal to 
(one has actually T(Dfc,/9) = 1, for all p < 1). On the other hand, in the notation of Lemma 13.81 
since € Zp • (cf. Equations 16.2. 5p . the function p i— > liminf„ |(7{J|p^^" is a constant function 
(cf. |Pul07l Lemma 1.4]). Moreover, the matrix of Vj^*'"™" is equal to 0, hence p ^ liminf„ \gn\p ^^"^ 
is the constant function equal to oo. So T(Dtamc>/o) = 1, for all p < 1, and its log-slope is equal to 
0. □ 

7.2.1 Since in both residual and tamely ramified cases the arithmetic and the differential Swan 
conductors are equal to zero, then Remark 14.171 and Section 13.3.21 allow us to reduce to prove the 
theorem for awiid- The proof of Theorem 17.11 is then carried out in two steps: first we prove the 
theorem for the case in which awild = V'm o '5(A_rft~'^), with A_rf G W^p(rf)(A:) — pWt,p(^)(A;), where 

: ^ /Xpm+i C Ok is the identification of Definition 16.51 and 5 is the Artin-Schreier- 

Witt morphism of Sequence (jl.3.3p (cf. Lemma 17.61 below). The second step consists of extending 
the theorem to every character using Section [4. 2. 3[ 

Lemma 7.6. Let A • be a co-monomial satisfying A e Wm{k) - pWmik) (cf. Section liTO)) . 

let 

Q^wiid • — V'm, ° S{Xt "'^ ). We denote by M the \/ -module over TZxj defined by D^(V(awiid))- Then 

sw^(M) = np™ = sw(a„iM) • (7.2.1) 
More precisely, one has r(M, p) = p^P"^ ^ for all p g]0, 1[. 

Proof. By Corollarv 14.101 one has sw(a^iid) = np™, hence it is enough to prove the last assertion. 
To prove this, we now use the assertion iii) of Lemma [7. 4[ We verify that all assumptions of Lemma 
17.41 are verified. 

Let A = (Ao, . . . , Am) G Wm(CLo) be an arbitrary lifting of A = (Aq, . . . , A^). Then the solution 
of M in this basis is the 7r-exponential (cf. Section I6.3.3P 

ep-(Ar-"P , 1) = exp(^ 7rm(/.oT-" + vTm-K^'i^^ + • • • + T^o^Pm—;^ ) , (7.2.2) 

where (^O; ■ ■ ■ , 0m) £ ^^^^ is the phantom vector of A € Wm(Oj;,g). Indeed the phantom vector of 
Ar-"P" is (^oT-™, (piT-^'P, (pmT-'^P"'). Writing A as function of u := {m, . . . , Ur), the matrices 
of the connections are explicitly given by (cf. Equation ()6.3.12p ) 



(m, . . . , Ur,T) = -n ( n^cPoT-''-' + ^m-i^iT-"^-! + • • • + 7TocPmT~^P"'-' ) , 

m j 

duj 



j=0 k=0 

The coefficients of lowest degree (with respect to T) in the matrix (ui, . . . ,Ur,T) are respectively 
a^-lp^-i ■= -mTQCpm , (7.2.3) 



a^ipm := vTo -p ™ • ^((/>m(wi, • • • j-^m)) , for alH = 1, . . . ,r . (7.2.4) 
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More explicitly, for i = 1, . . . , r, one has 



■■= vro-5]Afc(n)f^"'-i^(Afc(u)) G Ol . (7.2.5) 



fe=0 

Since A € Wm(CLo) coefficients in O^^^ (which is a Cohen ring), one sees that 

= l^r^^^ , (7.2.6) 

where s(Ao, . . . , A^) := min{s ^ | A^ 7^ 0}. We study separately two cases: Aq 7^ 0, and Aq = 0. 
Assume first that Aq 7^ (i.e. s(A) = 0). Since n > 0, then the T-adic valuations of (7^. and g^. 

satisfy conditions of Lemma [77il Since |7ro| = m and {(pml = 1, then |a^^pm_xl = ^- Hence the point 
iii) of Lemma [731 applies, and one has T{M,p) = p^P"^ ^ for all p g]0, 1[. 

Assume now that Aq = 0, i.e. s(A) ^ 1. By assumption, A G Wm(A;) —pWm{k), but since Aq = 0, 
this is equivalent to (cf. Equation (jl.2.3p ) 

A ^ W^(F) . (7.2.7) 

The following Lemma 17.71 proves that 



i=l 



max |a^^„p,„| < w =^ A G W™(F) , (7.2.8) 

which contradicts our assumption. Hence |a^^„pm| = lo, for some i = 1, . . . ,r. By applying point iii) 
of Lemma 17.41 as above, we find r(M, p) = p^P"^ , for all p g]0, 1[. □ 

Lemma 7.7. Let k be a field of characteristic p > 0. Let A = (Aq, Ai, . . . , Am) G Wm(A:) be a Witt 
vector. The following assertions are equivalent: 

(1) For all i = 1, . . . ,r one has 

^'""';^(Ao) + A?'""-'-^(Ai) + • . .+r^\±(X^^,) + A(A^) = . (7.2.9) 
aui dui dui dui 



(2) A G W 



m V 



Proof. Clearly (2) implies (1). Assume then that (1) holds. The condition (1) is equivalent to 

A^'""'(i(Ao) + Ar"'"'d(Ai) + • • • + A^7_\d(A™_i) + d(Am) = , (7.2.10) 

in , where d : k ^ ^k/¥ canonical derivation. We proceed by induction on m ^ 0. The 

case m = is evident, since d(Ao) = in ^1^^^ implies Aq G F (cf. |Gro64l Ch.O, 21.4.6]). Let 
now m ^ 1. Assume Equation (j7.2.10p holds. Following [ Car581 II. 6], let Z^{k) := Ker{d : ^^^yp 
^l/f^), and let 

: Oi/p^ ^ Z\k)/dik) (7.2.11) 
be the Cartier isomorphism (cf. [CarSSl II.6]). Here d{k) is the image of the map d : k ^ ^k/w ■ 
recall that C~^{ad{b)) = aPl^-^Mb), where 00 is the class of u; G Z{k) modulo d{k). 

Let Em{Xo, . . . , Xm) ■= Aq d{Xo) + A^ d{Xi) H h X„^_^d{Xm~i) + d{Xm) G ^l./^^- Since 

Ejn{Xo, ... , Xm) = 0, then £'m(Ao, . . . , Am) G Z{k), and the class of ^m(Ao, . . . , Am) G Z{k)/d{k) is 
equal to 



= ^m(Ao,...,Am) = A^ d{Xo) + X\ 'a!(Ai) + --- + A^;,_\a!(Am-i) . (7.2.12) 
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By definition, one has C~ I Aj d{Xi) I = Aj d{Xi), hence we find 



— E„i{Xo, ■ ■ ■ , Xm) — C (£'m-i(Ao, • • • , Am-i)) • (7.2.13) 

Since is an isomorphism (cf. |Car58l II. 6]), then the equation (17.2.131) imphes Em-i{Xo, . . . 
. . . , Xm-i) = 0. By induction, one finds then Aq, ■ ■ ■ , Xm-i € k^, but this implies £'m(Ao, . . . , Am) = 
d(Xm) = 0, hence one has also A™ G kP (cf. |(;;ro64[ Ch.O, 21.4.6]). □ 



End of the Proof of Theorem \7.1\ :. Let / (t) = X^neJp ^-nt ""^ be a minimal lifting of ijjm ° 
Owiid in CW(E) (cf. Section |4. 2. 3p . Again by Section [4.2.31 one has 

sw{6(r{t))) = max sw(5(A_„t-"f'"'"')) , (7.2.14) 

n6J„ 



where 5 is the Artin-Schreier-Witt morphism (cf. Equation (jl.3.3p ). Now we recall that V(a„iid) = 

Dt(V(Qwiid)) = ®nej Dt(V(5(A_„r-"P'"'"'))) . (7.2.15) 



,ej^V(<^(A_„T-"f"^"')), and 



By Lemma |7.6[ one has 



sw^(Dt(V((5(A_„r-"P™*"')))) = . (7.2.16) 



Now if ni ^ 712 then ni • ^'"("'i) ^ n2 ■ Hence, by Section [3.3.21 one has 

sw^(Dt(V(awiid))) = max np™(") . (7.2.17) 

neJp 

This proves Theorem 17. II □ 
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